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ABSTRACT 


Near  field  measurements  available  in  the  literature  show 
that  two  waves  exist  on  log  periodic  antennas.  The  first,  called 
the  transmission  line  wave  originates  at  the  apex,  propagates  along 
the  antenna  and  decays  in  the  active  region.  The  second,  called  the 
radiation  wave  originates  in  the  active  region,  propagates  back 
toward  and  beyond  the  apex,  and  becomes  the  far  field  at  a  suitable 
distance  in  front  of  the  antenna. 

The  hypothesis  is  made  that  the  effective  radiating  aperture 
is  located  at  the  front  of  the  active  region  and  is  in  the  plane 
perpendicular  to  the  antenna  structure.  The  aperture  distribution  is 
obtained  by  considering  the  radiation  wave  to  behave  as  a  leaky  wave 
in  the  active  region.  The  far  field  pattern  is  found  from  this 
aperture  distribution  using  a  transform  technique.  Suitable 
assumptions  are  made  relating  the  characteristics  of  the  radiation 
and  transmission  line  waves  in  the  active  region.  Thus,  the  far 
field  pattern  can  be  calculated  if  the  properties  of  the  transmission 
line  wave  are  known* 

The  transform  used  is  valid  only  in  the  half  plane  to  the 
front  of  the  antenna.  Thus,  the  theory  will  predict  only  the  shape 
of  the  main  lobe  since  no  information  is  obtained  regarding  the 
energy  radiated  to  the  rear  of  the  antenna. 

The  characteristics  of  the  transmission  line  wave  tor  the 
log  periodic  dipole  antenna  were  measured  for  various  parameters  of 
the  antenna  and  these  used  to  calculate  the  far  field  patterns* 
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These  calculated  patterns  were  found  to  show  reasonably  good 
agreement  with  experimentally  obtained  patterns  over  the  useable 
range  of  parameters  for  this  antenna® 
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SECT ION  I 


lo  INTRODUCTION 


Since  the  concept  of  frequency  independent  antennas  was  put 
forward  by  V,  H.  Rumsey*  this  class  of  antennas  has  received  con¬ 
siderable  attention  in  the  literature.  The  logarithmically  periodic 

(or  log  periodic)  class  of  antennas  introduced  by  R.  H.  DuHamel  was 

2 

one  of  the  outgrowths  of  this  interest. 

In  general,  the  investigation  of  the  properties  of  log 
periodic  antennas  has  been  carried  out  experimentally.  However,  in 
order  to  understand  their  radiation  mechanism  and  thus  obtain 
optimum  design  principles,  a  theoretical  analysis  is  clearly 
required.  R.  L.  Carrel  has  made  an  excellent  analysis  of  the  log 
periodic  dipole  antenna.^  Briefly,  he  considered  the  self  and 
mutual  impedances  of  the  elements  making  up  the  structure,  and  with 
the  aid  of  a  computer,  was  able  to  predict  the  behavior  of  this 
antenna  with  a  good  degree  of  accuracy.  While  the  theoretical  con¬ 
siderations  of  this  approach  are  straight  forward,  the  numerical 
solution  of  the  resulting  equations  is  formidable  and  would  be 
practically  impossible  to  obtain  without  the  use  of  a  computer. 

P.  E.  Mayes,  G.  A.  Deschamps  and  W.  T.  Patton  have  explained  the 
operation  of  unidirectional  periodic  structures  in  terms  of  backward 
wave  radiation.  These  antennas  can  be  converted  to  log  periodic 
antennas  by  tapering  the  elements.  They  have  shown  that  the 
radiation  patterns  for  the  two  types  of  structures  are  similar. 

It  is  their  intention  to  consider  the  log  periodic  antenna  as  a 
slowly  varying  periodic  structure  and  apply  the  theory  of  the 
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periodic  structure  to  it# 

The  approach  taken  in  this  paper  is  to  determine  the  far 
field  radiation  patterns  for  log  periodic  antennas  from  the  near 
fields  existing  on  the  antenna# 

Near  field  measurements  available  in  the  literature  show 

5 

that  two  waves  exist  on  log  periodic  antennas#  The  first,  called 
the  transmission  line  wave  originates  at  the  apex,  propagates  along 
the  antenna,  and  decays  in  the  active  region#  The  second,  called  the 
radiation  wave  originates  in  the  active  region,  propagates  back 
toward  and  beyond  the  apex,  and  becomes  the  far  field  at  a  suitable 
distance  in  front  of  the  antenna. 

The  hypothesis  is  made  that  the  effective  radiating  aperture 
is  located  at  the  front  of  the  active  region  and  is  in  the  plane 
perpendicular  to  the  antenna  structure.  The  aperture  distribution 
is  obtained  by  considering  the  radiation  wave  to  behave  as  a  leaky 
wave  in  the  active  region.  The  far  field  is  found  from  this 
aperture  distribution  using  a  transform  technique.  Assumptions 
relating  the  characteristics  of  the  radiation  and  transmission  line 
waves  are  made  by  considering  the  current  distribution  on  the 
elements  in  the  active  regiono  Thus,  the  far  field  radiation 
patterns  can  be  calculated  if  the  properties  of  the  transmission 
line  field  are  known. 

In  this  paper,  the  properties  of  the  transmission  line  wave 
for  the  log  periodic  dipole  antenna  are  obtained  experimentally# 

A  theoretical  analysis  of  these  properties  is  being  carried  out  in 
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conjunction  with  the  work  of  Mayes,  Deschamps  and  Patton  previously 
described,,  A  preliminary  study  of  a  class  of  log  periodic  circuits 

g 

has  been  made  by  R0  Mittra* 

The  presentation  of  this  paper  is  as  follows:  The  preceding 
section  briefly  reviews  the  theoretical  work,  known  to  this  invest¬ 
igator,  which  has  been  done  on  these  antennas  to  date.  A  review 
of  frequency  independent  antennas  briefly  describing  some  of  the 
better  known  structures  and  their  properties  is  presented  in 
Section  2.  A  detailed  formulation  of  the  theory  is  given  in 
Section  3.  The  measuring  techniques  used  to  obtain  the  character¬ 
istics  of  the  transmission  line  field  are  outlined  in  Section  4„ 

The  results  for  measurements  made  on  a  log  periodic  dipole  antenna 
are  presented  in  Section  5«  Calculated  patterns  using  the  theory 
developed  in  Section  3  are  compared  to  radiation  patterns  obtained 
experimentally  and  the  results  analysed.  Section  6  gives  a  summary 
of  the  paper.  Two  appendices  are  attatchedo  The  first  deals  with 
the  solution  of  an  integral  obtained  in  Section  3„  The  measurements 
of  the  transmission  line  wave  along  the  structure  for  various 
parameters  of  the  log  periodic  dipole  antenna  are  presented 
graphically  in  the  second  appendix.  The  characteristics  of  the 
transmission  line  wave  are  obtained  from  these  curves* 
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SECTION  2 


2,  A  REVIEW  OF  FREQUENCY  INDEPENDENT  ANTENNAS 

The  logarithmically  periodic  antenna  belongs  to  a  general 
class  of  antennas  usually  referred  to  as  "frequency  independent 
antennas".,  In  practice,  this  class  of  antennas  can  be  built  to 
give  broadband  performance  over  frequency  ranges  as  great  as  40:1 
or  more,  provided  the  structure  is  carefully  modelled  in  accordance 
with  the  basic  design  principles.  Admittedly,  these  are  not  the 
only  antennas  which  can  be  designed  to  cover  a  wide  band  of  frequen¬ 
cies.  For  example,  the  discone  antenna,  the  unbalanced  conical 
helix  fed  against  ground,  and  the  Archimedean  spiral,  can  be 
designed  to  cover  frequency  ranges  of  4:1,  5:1,  and  10:1  respectively. 
However,  the  name  "frequency  independent  antennas"  is  justified 
since  these  are  the  only  structures  possessing  a  theoretical 
independence  of  frequency.  Since  their  upper  and  lower  frequency 
limits  are  determined  by  independent  parameters,  the  bandwidth  of  a 
specific  antenna  can  be  increased  almost  without  limit  simply  by 
adding  more  sections  to  the  antenna. 

2.1  Basic  Formulation 

The  concept  that  an  antenna  specified  by  angles  alone  would 
have  characteristics  independent  of  frequency  was  originally  pro¬ 
posed  by  V.  H.  Rumsey. ^  The  following  is  a  brief  resume  of  a 

8 

simplified  analysis  paralleling  Rumsey's  earlier  work. 

Consider  an  antenna  whose  terminals  are  indefinitely  close 


to  the  origin  of  a  spherical  coordinate  system,  being  symmetrically 


... 


;  t>u  i  \on'i’>?y  ti*1  £  )  bs'ti'-  •  •>”  ’  Xfcu  •-* '  i  unns  Tfi'i  *o  *  :  0 

o  -  r  t.i  l  o  <*  ui  .  f  or?  iui  •<•  .  •  1  *  ‘  '.fcnnsJns 

* 

;  I  ,9*jj>  ?*c  nKTr  '.'.on  -.''ll  nevo  oofix-ti  tolisq  :  Ht.dbjso')'  jvxj 

ms  r»i  bell 9 bom  - 

.  . a 9 Xq 

-  too  0$  b9n^X89b  sd  R69  iloiriw  Hfinnalns  ^Xno 

r  m  .  ■  . 

f  ''*>-■  ..  .  J  '  r  .  :  •  .  ....  1)V!  x*  t  * > rf 

.  t  •;  ^SMidupoTl  d.9v© -j  ol  bem^xeeb 

ai  ^Bfinnsj  fn&basqafonx  ^ou  .  ■  *  •  woB 

!•  -oi  i'  -ri-t  %n  i.  <■>.?.  o  &  a  oq  ssioJa  I'i.i  -.  7,ljno  or  ?  9iB  snofit  ooala 

•  i 

.  ;  si ImiX 

.1  Y,  J  n  •  r  i  JuctiJ  jRonilB  hsRti  *'»onx  od  jiho  sacilnR  ox't.i 

*  •>  .••»  ■  •-  <-  >  at;  .j  .  e*ir  .  : 

• ;  d  >_  iJL  i  ■  *_  ♦  £ 

,Ub*  !fo1'  Uvar  X  ‘  :>9X*'.io9q-  en.ioina  nt;  t«iij  to-.-om  •>  erlT 

lo  Jitoonoq*.  .  >.  ho.>  .r n*.  'ns;c  ..?  o /;.•:! 

vi  be-  -M! 

*  •* ^eeauiH  ^iixIsXXfi'mq  ^aia^iane  bt#ii.tlq««xa 

-  ij.;*  ii  t  j  i  ,  j6f  r»  }rjE*  at!  Jio;  i -».»  gC 


-•>  i  y .?  o  ,  rz  t  t  }  r 


®^e  '  lf-  ibvro9  l-jo  «U  oi 


5 


disposed  along  the  0=0,  tt  axis.  Let  the  surface  of  this  antenna 
be  described  by 

~  F  (  0  >  <P)  ( i ) 

For  an  antenna  of  finite  thickness,  several  branches  of  p (e,  <t>) 
can  be  taken,  corresponding  to  the  inner  and  outer  surfaces. 

Suppose  it  is  desired  to  scale  this  antenna  to  a  new 
frequency  which  is  K  times  lower  than  the  original  frequency.  The 
antenna  must  be  made  K  times  larger,  resulting  in  a  surface 

A.' =  K  F ( e> ,  <t>)  (2) 

in  which  K  depends  neither  on  O  nor  on  (p  . 

Imagine  that  when  this  is  done  the  new  surface  is  congruent 
(identical)  to  the  original.  This  implies  that  both  surfaces  are 
infinite.  It  can  be  seen  that  congruence,  if  it  occurs,  can  be 
established  through  a  rotation  in  0  .  Translation  is  barred  since 
both  surfaces  have  their  terminals  at  the  same  origin  and  rotation 
in  0  is  barred  because  both  pairs  of  terminals  are  symmetrically 
disposed  along  the  0=O,7Taxis.  Thus,  for  congruence, 

K  F(e,4»  =  F(e,  p  +  c)  (3) 

in  which  C  is  the  angle  through  which  the  second  antenna  must  be 
rotated  in  order  to  achieve  congruence  with  the  first.  C  depends 
on  K,  but  neither  depends  on  0  or  0  . 

Congruency  implies  that  the  original  antenna  would  perform 
exactly  the  same  at  both  frequencies,  except  for  a  rotation,  C, 
in  the  azimuthal  coordinate  of  its  radiation  pattern.  If  it 
develops  that  K  is  unrestricted,  i.e., 
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(4) 

then  the  original  antenna  must  have  pattern  and  impedance 
characteristics  which  are  independent  of  frequency.  The  pattern 
may  rotate  in  0  with  frequency  due  to  the  parameter  C,  but  its 
shape  will  be  unaltered. 

The  nature  of  F"(^,^)may  be  deduced  by  equating  the  two 
equations  obtained  from  differentiating  (3)  with  respect  to  C  and 
(j)  *  This  gives,  with  the  aid  of  (l), 

X  St  H  -  _L  d/u 

K  dC  ~  ^  d<p  (5) 

Since  the  left  side  of  (5)  is  independent  of  &  and  <p  ,  it  follows 


that 

A-  =  F(e,  <t>)  =  e*  V (a) 


where  Q.  =  -77  -Sj-JJ- 
K  dC 


(6) 


is  a  general  solution,  in  which  cl  is  a  parameter  and  -P(a)  is  a 
completely  arbitrary  function. 

Equation  (6)  was  first  derived  by  V.  H.  Rumsey.*  Any  antenna 
shape  whose  surfaces  can  be  described  by  functions  of  the  form  (6) 
should  be  theoretically  independent  of  frequency.  This  equation 
requires  an  infinite  structure  in  order  to  achieve  frequency 
independence  over  an  infinite  spectrum  of  frequencies.  However,  it 
was  found  experimentally  for  certain  structures  that  the  current 
distribution  along  the  antenna  falls  to  a  negligible  value  at  some 
number  of  wavelengths  from  the  feed  point.  Therefore,  the  antenna 
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can  be  truncated  at  this  point  without  affecting  the  current  dis¬ 
tribution,  and  therefore,  the  characteristics  of  the  antenna.  The 
frequency  for  which  this  is  done  represents  the  low  frequency  limit 
of  the  antenna  since  the  current  distribution  moves  towards  the 
feed  point  as  the  frequency  is  increased.  The  high  frequency  limit 
of  the  antenna  occurs  when  the  feed  point  ceases  to  look  like  a 
"point’'  due  to  the  physical  impossibility  of  modelling  the  structure 
to  an  indeterminately  small  size.  As  previously  stated,  the  band¬ 
width  can  be  increased  simply  by  continuing  the  structure  until  the 
desired  frequency  is  included  within  the  range  of  the  antenna. 

2.2  The  Equiangular  Spiral  Antenna 

The  equiangular  spiral  antenna  was  the  first  antenna  of  a 

practical  size  to  exhibit  the  characteristics  of  the  infinite 

9 

structure.  The  equation  of  the  equiangular  spiral  may  be  obtained 
from  (6)  by  letting 

<i££ei=fU)=  AS(e-f) 


where  A  is  an  arbitrary  positive  constant  and  S  is  the  Dirac  delta 


A 


is  a 


function.  Substituting  (7)  in  (6)  yields 

o.  (  <#>  -  0O) 

A*  «  © 

in  the  plane  ©  =  ^  ,  A.  being  zero  elsewhere,  A-0  ^ 

substitution  for  A.  Expression  (8)  is  the  equation  ol  a  planar 
equiangular  (or  logarithmic)  spiral.  If  the  angle  (fi  is  increased 
by  one  full  turn,  the  radius  vector,  A-  is  increased  by  the  iactor 

*p  7T  Ol 

Q.  .  Hence,  each  turn  of  the  spiral  is  identical  with  every 
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other  turn  except  for  a  constant  multiplier.  The  angle,  r . 
between  the  radius  vector,  and  the  tangent  to  the  equiangular 
spiral  gives  the  rate  of  spiral  and  is  a  constant  for  a  particular 
curve  . 

Since  A  is  arbitrary,  the  choice  can  be  made  to  fix  A0  and 
leave  <A>  as  a  parameter.  If  (pQ  is  allowed  to  assume  all  values 
from  O  to  cf> y  and  all  values  from  T T  to  7T  <fyx  ,  the  antenna  of 
Figure  1  results.  Since  (8)  yields  an  infinite  structure,  the 
minimum  and  maximum  radii,  R2  and  R,  ,  must  be  specified  for  a 
practical  antenna.  These  correspond  to  the  upper  and  lower  frequency 
limits  of  the  antenna,  respectively.  Typical  values  for  Rg.  and 
Ri  are  one  eighth  and  one  half  wavelengths,  respectively,  at  the 
upper  and  lower  frequencies. 

Two  forms  of  this  antenna  have  been  used,  the  plane 
conductor  antenna  made  of  metallic  arms  suspended  in  free  space, 
and  the  slot  antenna  consisting  of  spiral  slots  cut  in  a  large 
conducting  sheet. 

The  antenna  may  be  fed  at  the  centre  by  a  balanced  line. 
However,  this  causes  some  distortion  of  the  fields  because  of  the 
feed  line.  A  preferred  method  is  to  imbed  the  coaxial  feed  cable 
in  one  arm  of  the  spiral  and  connect  the  centre  conductor  to  the 
other  arm  of  the  spiral  as  shown  in  Figure  2.  This  results  in  a 
perfectly  balanced  feed  system.  This  method  of  feed,  often 
referred  to  as  the  "infinite  balun" ,  is  made  possible  by  the  rapid 


attenuation  of  the  currents  on  the  arms. 


It  is  the  only  form  of  the 
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FIGURE  1 

OUTLINE  AND  BASIC  PARAMETERS 


OF  THE  TWO  ARM  EQI ANGULAR  SPIRAL 
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FIGURE  2 

FEED  REGION  FOR  A  TYPICAL  EQUIANGULAR  SPIRAL 
SHOWING  THE  "INFINITE  BALUN  CONSTRUCTION" 
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presently  known  which  permits  full  utilization  of  the  "infinite 


n 


frequency  properties  of  this  antenna^  To  maintain  symmetry,  a 
dummy  cable  is  sometimes  soldered  to  the  other  arm  of  the  spiral. 

This  antenna  produces  two  equal  broad  lobes  to  the  front  and 
back  of  the  structure,  typical  beamwidths  being  of  the  order  sixty  to 
one  hundred  degrees.  The  patterns  do  not  change  much  with  the 
parameters  Q-  and  0,  .  They  are  nearly  circular  for  high  rates  of 
spiral,  but  show  some  assymetry  for  low  rates  of  spiral  which  produces 
a  rotation  effect  as  the  frequency  is  varied.  The  field  is 
practically  circularly  polarized  over  the  operating  range  of  the  antenna. 

A  typical  input  impedance  of  120  ohms  with  a  VSWR  of  less  than 
2:1  over  the  frequency  range  is  obtained  for  (p  =  90°. 

B.  R.  S.  Cheo,  V.  H.  Rumsey,  and  W.  J.  Welch  have  made  a 
theoretical  analysis  of  this  antenna.^1  Design  data  is  available . 

2.3  The  Conical  Equiangular  Spiral  Antenna 

A  slightly  less  restrictive  choice  of  P  C  e)i  s  given  by 

-TV®)  =  A  S  (  a  -  &.)  (9) 

where  is  any  angle  in  the  range  05  0,  Substituting  in  (6) 

yields 


A  =  A-0  0 


•  (  0  -  <t>o  ) 


(10) 


-a.  4>e 


where  A -A. 06  for  the  cone  of  revolution  h.  being  zero 

elsewhere.  This  is  the  equation  of  an  equiangular  spiral  projected 

on  to  a  cone  of  apex  angle  2  &o0  As  was  done  for  the  equiangular 
spiral  antenna  in  the  previous  subsection  the  choice  is  made  to  fix 
A0  and  allow  <f>  0  to  assume  all  values  from  O  to  and 

values  from  tr  to  tt  ■*  (fa  0  The  outline  for  this  particular  t  ype  oi 


""  -01-  ««* 

*  niBJniKra  oT  -“•*«  •«*  '•  ■oiiio«r-iq  ,o„9Up„, 

*"  —  *»*  •"  *  —  oe  a9mx Ji;mo8  .X  ,XdlM  w 

hrtli  "<,0fl  °  ‘  J  P'0!l0f  b*°'td  l£uP°  °"*  aoovhoiq  BnnsJnm  eiriT 

Y  -to  Mil  lo  M,otq’{J  , lutouita  a*«  lo  M»Md 

‘in7  ritiw  liouBI  ^rrado  ten  o b  amoJim.  9,fT 

"J  (  J>  1  •esarotjb  bsibnuri  ano 

**"  aSf‘1  101  'Uili  r,i°  «Xw*  •'  -‘i  •  ,#  ba.  -O 

•*“w  U  M 

9I"  »°  osn»i  aniifiaqo  oii  19V(I  5„iw. 

°  b9SJ’Eto‘I  yli •Xuotio  y,Xl83xi3Bi, 

OX  c  .  ‘°  93n^9qmx  iuqnx  Uoxqyi  A 

,9  -ot  l>90i*ido  ei  <|M1  <oa9Upoil  «(»  ,9V0  f:S 

&  o  >ni  9Vi,(j  Hnfc,L 

' 1  •  ....  .  .  . 

•  sldttl  iuvjB 

. •***  io  Isoiiotcri* 

X»t>xa>0  itf  c.j; 

■■  a**n  *°  •*—  TXJ  :  A 


(e> 


f.e-  ©  )g  /\  -  CeVl 


lw  ;i  ni  i  ftiii  iiiaduZ  .TL*  c» 

*  "  "ft'1  nx  y.nj6  bi  4©  o'todw 


S  .A  =  A 


ablsiy. 


~~ «...  B 

.  ;; 

”  »aob  «8w  aA  -.©£  9X8n*  ^<la  l0  ono;>  fl  ot  no 

lorfo  9ril  noi*398<Xoe  euoivs-tu  9p, 

,,  ,  91t<  91,1  entwXmt  X«iiqB 

o*  O  mo-,j  a„of  ,, 

s  3mueas  °*  .$>  "OXU  bo.  A 
T  oi  -n  moil  a9uIj5V 


12 


OUTLINE  AND  BASIC  PARAMETERS  OF 
THE  CONICAL  EQUIANGULAR  SPIRAL  ANTENNA 


(ONE  ARM  ONLY  SHOWN) 
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antenna,  shown  in  Figure  3,  represents  the  projection  of  the  planar 
spiral  of  Figure  1  on  to  the  conical  surface  @  =  ©0  .  For  the  sake 
of  clarity,  only  one  arm  is  shown,, 

Jo  D.  Dyson  studied  this  antenna  experimentally.  He  found 
that  the  additional  parameter,  Q0  ,  exerts  a  considerable  influence 
on  the  shape  of  the  radiation  field.  For  the  proper  choice  of  O0 
the  pattern  becomes  unidirectional  with  the  major  lobe  in  the 
direction  of  the  apex.  The  beainwidth  varies  widely  with  the 
parameters,  typical  values  being  60°  to  200°  when  "i/  is  varied  from 
82°  to  45°  (  ©0  =  10°  and  <p,  &  94°)„13 

The  "infinite  balun"  previously  described  is  used  for  the 
feed  system.  The  mean  impedance  ranges  from  153  to  130  ohms  when 
the  apex  angle  is  varied  from  60°  to  20° •  VSWR*s  of  less  than  two 
to  one  are  obtained  over  a  six  to  one  frequency  range. 

The  design  of  this  antenna  is  similar  to  that  of  the  planar 
equiangular  spiral  antenna.^ 

204  Logarithmically  Periodic  Antennas 

Since  0O  in  (9)  is  fixed  for  a  particular  antenna,  the 
conical  equiangular  spiral  antenna  is  essentially  a  two  dimensional 
structure  wrapped  on  a  conical  surface.  If,  however,  ©Q  is  allowed 
to  assume  all  values  from  ©j  to  <  @2  —  )  the  three 

dimensional  conical  screw  results. 

R.  H.  DuHame 1  conceived  the  idea  of  placing  two  conical 
screws  apex  to  apex,  collinearly,  and  taking  the  cut,  (P  =  constant. 
This  yields  the  planar  antenna  of  Figure  4.  This  concept  is  extremely 
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FIGURE  4 

THE  PLANAR  SHEET  CIRCULAR  TOOTH 


LOGARITHMICALLY  PERIODIC  ANTENNA 
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valuable  since  it  provides  a  linearly  polarized  frequency  independent 
antenna o  The  diape  of  these  antennas  can  be  described  by 


A-=  f  (9) 
A  new  antenna  scaled  to  give 


(11) 


A.  =  K  -F(  e) 

will  only  be  congruent  to  the  original  antenna  for  a  discrete  set 
of  values  for  K  given  by 

..  Ztttl  a-, 

K  =  e 


(12) 


(13) 


where  n,  is  an  integer  and  cl,  is  defined  in  (10),  Therefore,  the 
properties  of  the  antenna  will  repeat  with  period  2-TTcl,  .  Hence, 
structures  of  this  nature  are  called  logarithmically  periodic 
(or  log  periodic)  antennas.  If  the  variation  of  the  impedance  and 
pattern  is  small  over  a  period,  and  therefore,  all  periods  because 
of  the  repetitive  characteristics,  then  the  result  is  essentially  a 
frequency  independent  antenna. 

There  is  an  infinite  variety  of  choices  for  and 

hence  a  corresponding  infinite  variety  of  log  periodic  structures. 

A  theoretical  study  of  the  best  choice  for  4^(0)  seems  to  be  nearly 
impossible  and  to  date,  the  initial  evaluation  of  these  structures 
has  been  done  experimentallyo  Some  of  the  more  successful  structures 
are  shown  in  Figure  5, 

The  parameters  for  this  class  of  antennas  are  shown  in 
Figure  6.  The  symbol  is  used  to  define  the  apex  angle  since 
the  symbol  OC  ,  normally  used  in  the  literature,  will  be  used  to 
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denote  the  attenuation  constant  introduced  later®  The  geometric 


ratio  is  defined  as 


T'=e 


2.TT  CL, 


 ^  N  +i 


Rn 


Since  the  radiation  from  these  antennas  is  approximately 
centred  on  the  teeth  which  are  near  a  quarter  wavelength  in  length, 
the  upper  and  lower  frequency  limits  of  these  antennas  occur  when 
the  shortest  and  longest  teeth  are  approximately  a  quarter  wave- 
length  long  respectively® 

Theoretically,  the  thickness  of  the  sheets  and  the  diameters 
of  the  wires  should  increase  linearly  with  distance  from  the  apex. 

In  practice,  this  is  not  necessary  for  bandwidths  less  than  five  to 
one»^  With  tapering,  bandwidths  of  twenty  to  one  are  easily 
achieved,  and  bandw'idths  of  one  hundred  to  one  are  feasible  if  the 
theoretical  design  is  closely  approximated. 

The  radiation  patterns  of  the  log  periodic  antennas  shown 
in  Figure  5  are  similar  for  the  same  design  parameters,  *r'  ,  ^  and 
They  give  a  unidirectional  pattern  pointing  towards  the  apex. 
In  general,  higher  gains  are  obtained  by  increasing  1  and  and 
decreasing  l~&~1  »  If  is  made  too  small,  the  patterns  will  break 

.  i 

up  excessively  over  a  period.  For  the  parameters  c  =  0.707, 

ve<  =  Y  =  45°,  a  gain  of  9.45  db.  over  an  isotropic  radiator  is 

obtained  for  a  wire  tooth  logarithmically  periodic  antenna.  ihis 

particular  antenna  has  a  beamwidth  of  66°  for  both  the  L  and  H 

14 

planes,  and  a  maximum  sidelobe  level  oi  -  12®3  db. 


(14) 
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These  antennas  are  fed  at  the  apex  either  by  a  balanced 
line  or  the  infinite  balun  structure  previously  described.  Because 
of  the  left-right  assymetry  of  these  structures,  the  impedance  has 
a  periodicity  of  xk  ln(  'X*)  compared  to  a  periodicity  of  ln(  '/'T')  for 
the  radiation  patterns. ^  The  input  impedance  varies  widely  with 
the  various  parameters,  and  as  might  be  expected,  the  variation  in 
the  input  impedance  between  various  geometries  with  the  same  design 
parameters  is  greater  than  the  variation  in  the  radiation  patterns® 
Some  design  data  is  available  in  the  literature  for  these 
antennas.  ^ 

The  log  periodic  dipole  antenna,  shown  in  Figure  7  consists 

essentially  of  an  array  of  dipoles  whose  lengths  and  spacings  are 

arranged  in  a  log  periodic  manner.  This  antenna  has  been  invest- 

15  3 

igated,  both  experimentally  "  and  theoretically/  Design  data, 
based  on  the  theoretical  analysis  is  available/  This  antenna  can 
be  derived  from  the  antenna  of  Figure  6  by  letting  the  width  of  the 
teeth  and  the  angles  'Y'  and  @  approach  zero.  The  relation  between 
the  geometric  ratios  of  the  two  antennas  is  given  by 


(15) 


The  radiation  and  impedance  characteristics  of  this  antenna 
are  similar  to  the  other  types  of  log  periodic  antennas. 

The  log  periodic  V  antenna  is  an  adaptation  of  the  log 
periodic  dipole  antenna  which  takes  advantage  of  the  modal  and 
directional  characteristics  of  the  conventional  V  antenna. 


In  the 


boo  ;ti,tul  c  y#<»  'ten  rie  X9qfi  si-J  ia  fcsl  oiti  a/junsiia  saoriT 

.  ■>'.  •  .  ■  ■  •  !  ■  ••  •  .  ;  •  i  ■  -i  o  '  ;  t  ( 


(Cl) 


fib-.  i*c.  i  9/  t  f  >•  «  ”•■  ei!  >  1  e  -  :  J  : /•  »  j.  ai'r-  »lel  criJ  Jo 

)t  l  Jo  t  ■  iai  o  .y<;  <■.  oJ  bo'iaquioo  Cy  ‘  )aL  s1  lo  ibo ii^q  « 

.  •  Ji  i  \  .•■  f»ri  j 

.  i  .  . 

09;t  -joc'i/iv  iif){>wjf>v'  »a/i-  »j  jruqnc  adl 

■ 

lot  i  r 

M.  f  0  £ 

' 

>  oc-it  io  .y-nfi  ni  to 

mi  boznmi nm 

r  " 

finno  *n6  3i*' ;  . ,  .< 
o  1  kv  otiJ  j*nx.tJ9l  ytf  d  s'ljjgi'*  uant^ne  srid  meal  b»vi*x<»b  ed 

jflfi  OW,  9  J  ")  KO/Jfi':  J>  I’f  J  90109!  911^ 

'”?V= 

* 

t“  ‘  °"  lo  a->i»B4  rioiii*  8„n,*rj6  sjoqib  oiboiioq 


Sketch 


i  ^ 


^-Ape 


FIGURE  7 

THE  LOG  PERIODIC  DIPOLE  ANTENNA 
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lowest  order  mode,  where  the  energy  is  radiated  from  the  elements 
which  are  approximately  half  a  wavelength  long,  its  characteristics 
are  similar  to  the  log  periodic  dipole  antenna®  As  the  frequency  is 
increased,  the  radiating  region  moves  toward  the  apex.  If  the 
antenna  is  designed  so  that  the  longest  elements  are  one  and  a  half 
wavelengths  long  when  the  short  elements  are  a  half  a  wavelength 
long,  then  as  the  half  wavelength  radiating  region  moves  off  the 
antenna,  the  next  higher  mode  consisting  of  the  elements  one  and  a 
half  wavelengths  long  will  be  excited.  As  the  frequency  is  increased 
further,  this  region  of  radiation  will  move  toward  the  apex  and  will 
eventually  be  replaced  by  the  two  and  a  half  wavelength  mode  of 
operation. 

Gains  as  high  as  18  db.  over  an  isotropic  source  have  been 

17 

obtained  in  the  higher  modes  of  operation.  The  main  disadvantage 
of  this  antenna  is  that  its  characteristics  deteriorate  between  modes. 

2.5  Summary 

The  above  description  of  frequency  independent  antennas  has 
been,  by  necessity,  quite  brief  and  covers  only  the  basic  structures. 

These  antennas  may  be  arrayed  to  give  either  an  omnidirectional 

,  .  . .  10,13,18 

pattern  or  a  high  gain  for  both  circular  and  linear  polarization. 

The  range  of  frequencies  over  which  these  antennas  may  be 
used  is  nearly  unlimited.  The  lowest  limit  occurs  when  the  elements 
become  too  large  and  hence  difficult  to  build  and  support.  lie 
highest  frequency  boundary  is  usually  determined  by  the  accuracy 
with  which  the  geometry  of  the  structure  can  be  modelled.  In  some 
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applications,  the  high  frequency  limit  may  be  determined  by  the  power 
which  the  antenna  is  required  to  handle® 

Numerous  applications  have  been  made  of  the  principles 
outlined  above  to  construct  wideband  antennas  for  special  applications. 
Reference  (7),  in  particular,  contains  a  list  of  over  seventy-five 
publications  in  its  bibliography,  many  of  which  investigate  specific 
applications  for  this  class  of  antennas. 
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3oI  Review  of  Surface  and  Leaky  Waves 

Surface  and  leaky  wave  antennas  are  part  of  the  larger  class 


of  travelling  wave  antennas.  A  surface  wave  antenna  supports  a 
surface  or  trapped  wave  and  does  not  radiate  except  at  a  discontin¬ 
uity,  for  example,  the  termination  of  the  structure.  Therefore, 
the  wave  number  along  the  structure  is  real.  Conversely,  the 
radiation  from  a  leaky  wave  antenna  occurs  at  all  points  along  the 
structure  so  that  the  wave  number  along  the  structure  is  complex, 
containing  an  attenuation  factor. 

The  relationship  governing  the  parameters  is  the  separability 
condition  for  the  wave  equation  which  is,  in  cartesian  coordinates, 


(16) 


where  the  k.'$  ,  called  the  wave  numbers,  are  generally  complex. 
For  example , 


fe-t  =-j  -j  <x=i 

=  j  fe-c  =  oCi  +J  <3;. 


(17) 


where  is  the  complex  propagation  constant,  ^3^  is  the  phase 


constant  (radians  per  wavelength)  and  0C{  is  the  attenuation  constant 


(nepers  per  wavelength),  all  in  the  direction.  ihe  wave  number, 


/2.0  ,  belongs  to  the  medium  in  which  the  wave  travels,  and  is 
given  by 


kB  = 


(18) 
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where  CO  is  the  angular  frequency,  €  and  yOC  are  the  dielectric 
and  permeability  constants  of  the  medium  respectively.  In  air, 
lt0  is  real. 

Using  this  notation,  the  variation  of  the  field  strength  in 
the  direction  is  given  by 

i=Eae  =  E,  e  us) 

i  <*>  t 

Sometimes  the  time  dependent  term,  0  ,  is  suppressed  to  shorten 

the  expressions.  If  this  is  done,  its  presence  is  implied. 

Consider  a  surface  of  infinite  extent  in  the  direction 
supporting  a  surface  wave  propagating  parallel  to  the  surface  in 
the  2.  direction.  For  these  conditions 


=  O  =  -j  ex:*  (20) 

since  a  surface  wave  decays  exponentially  away  from  an  infinite 
surface.  Substituting  in  (16)  and  equating  the  real  and  imaginary 
terms  gives,  taking  /e.a  =•  -  j  <?C 2  , 

=  fc!  +  oci  oCz  =  o  ( 11  1 

This  means  the  signal  is  not  attenuated  as  it  propagates 
along  the  surface,  and  thus  does  not  radiate. 

If  the  above  surface  supports  a  leaky  wave  propagating  in 
the  2  direction,  the  conditions  become 
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Since  oc^  and  <3a  are  of  equal  sign  for  attenuation  of  the  wave  in 
the  direction  of  propagation  along  the  surface  and  Q *  is  positive 
for  propagation  away  from  the  surface,  oC^  must  be  negative. 

Therefore,  the  leaky  wave  field  propagates  with  increasing  amplitude 
away  from  the  surface,  becoming  infinite  at  infinity  in  the  direction 
transverse  to  the  surface.  In  spite  of  this  improper  transverse 
behavior,  leaky  waves  can  be  used  to  provide  a  valid  representation 
of  the  fields  for  certain  structures.  To  date,  most  antennas  analysed 
using  leaky  waves  have  been  open  waveguide  structures, 

3o2  Interpretation  of  Near  Field  Measurements  Made  on  a  Log 

Periodic  Antenna 

R,  L,  Bell,  C,  T,  Elfving,  and  R,  E.  Franks  have  made  near 

5 

field  measurements  on  a  triangular  tooth  antenna.  They  found 
that  two  waves  exist  on  these  antennas. 

The  first,  called  the  "transmission  line  wave"  was  found 
to  be  the  transverse  electromagnetic  (TEM)  two  wire  transmission 
line  wave.  This  wave  originates  at  the  apex  and  propagates  as  a 
slow  wave  along  the  antenna  without  attenuation  until  it  reaches 
the  area  where  the  teeth  are  approximately  one  quarter  wavelength 
long.  In  this  region,  the  wave  is  exponentially  attenuated  at  a 
high  rate  and  is  thus  effectively  terminated. 

Measurements  of  the  currents  on  the  teeth  in  this  region 
were  made  and  used  to  calculate  the  far  field  patterns,  fhese 
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agreed  with  the  measured  patterns  indicating  that  the  energy  was 
radiated  from  those  elements.  Therefore,  this  region  was  designated 
the  "active  region"  of  the  antenna. 

The  second  wave,  named  the  "radiation  wave",  originates  in 
the  active  region,  and  propagates  toward  the  apex.  Inside  the 
active  region,  it  builds  up  exponentially  in  the  direction  of 
propagation.  Outside  this  region,  it  propagates  with  the  speed  of 
light  toward  and  beyond  the  apex,  its  magnitude  decreasing  inversely 
with  distance  in  front  of  the  antenna.  This  wave  becomes  the  far 
field  at  a  suitable  distance  in  front  of  the  antenna. 

5 

Contour  plots  for  this  antenna  have  been  published'  and  are 
reproduced  in  Figure  8.  To  aid  in  interpreting  the  radiation  wave 
as  a  leaky  wave,  the  near  field  contours  for  a  Yagi-Uda  antenna 
six  wavelengths  in  length  have  been  reproduced  from  the  literature 

IT-  o  20 

in  Figure  9. 

It  has  been  shown  that  a  Yagi-Uda  structure  will  support 

a  travelling  wave  and  that  a  long  Yagi-Uda  antenna  can  be  treated 

21  22 

as  a  surface  wave  antenna. ~  1  The  hypothesis  was  made  that  the 
cross-sectional  area  of  the  field  at  the  end  of  the  antenna  represents 
the  effective  aperture  for  the  antenna.  This  approach  assumes  no 
direct  radiation  from  the  feed  and  no  reflection  from  the  end  of  the 
antenna.  If  the  antenna  is  long  enough  for  the  surface  wave  to 
become  established,  the  above  solution  represents  the  dominant 
mode  of  radiation. 


4s  can  be  seen  from  Figure  9,  the  Yagi-Uda  antenna  supports 
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THE  RADIATION  WAVE  FOR  A  LOG  PERIODIC  ANTENNA 


Driven  element 
located  at.X=-6* 


Amplitude 

Phase 


FIGURE  9 


NEAR  FIELD  CONTOURS  FOR  A  YAGI-UDA  ANTENNA 
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a  surface  wave  which  foras  an  equi-phase  aperture  distribution  at 

the  end  of  tne  antenna.  In  front  of  the  antenna,  the  wave  bezins 

to  taxe  tne  form  of  a  diverging  wave. 

Comparison  of  tne  radiation  wave  for  the  I02  periodic  antenna, 

shown  in  Figure  8,  to  the  field  of  the  Yagi-Uda  antenna  shows  that 

the  radiation  wave  does  not  behave  as  a  surface  wave  in  tne  active 

region.  Instead,  the  magnitude  of  tnis  wave  increases  along  tne 

centreline  of  the  antenna  in  tne  direction  toward  the  apex  and 

decays  in  the  perpendicular  direction  away  from  the  centreline 

of  the  structure.  Its  phase  progression  nas  two  components.  Ine 

first  is  along  the  centreline  of  the  antenna  in  the  direction 

toward  tne  apex  and  the  second  is  perpendicular  to  tne  centreline 

in  the  direction  awav  from  tne  antenna.  Inis  behavior  is  the  sane 

■ 

as  that  described  on  Page  24  for  a  leaky  wave.  Iherefore,  the 
radiation  wave  can  be  treated  as  a  leaxy  wave  inside  tne  active 
region , 

5.5  Derivation  of  the  nadiation  Patterns  for  the  Log  Periodic 

Dipole  Antenna  O'  =  0)  m  Tents  of  Leaxy  .laves 

It  has  been  shown  in  the  literature  that  the  radiation 

patterns  for  a  leaky  wave  antenna  can  be  calculated  from  the 

approximate  aperture  distribution  which  is  determined  only  by  tne 

25  24 

leaxage  of  energy  along  the  structure.  *  In  this  section  the 
approximate  radiation  pattern  for  the  log  periodic  dipole  antenna 
will  be  derived  using  this  concept.  The  hypothesis  will  oe  mace 
that  the  effective  radiating  aperture  is  located  at  the  -ront  of 
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the  active  region  in  the  plane  perpendicular  to  the  antenna 
structure  and  that  the  radiation  wave,  which  passes  through  this 
plane,  makes  up  the  aperture  fieldo 

Consider  the  log  periodic  dipole  antenna  shown  in  Figure  10* 
The  antenna  is  oriented  along  the  X  axis  with  its  elements  parallel 
to  the  axis  (into  and  out  of  page)*  The  active  region  covers 
the  range  For  mathematical  expediency,  the  assumption 

is  made  that 


This  is  true  if  the  structure  is  infinite  in  the  direction. 
Physically  an  infinite  structure  can  be  obtained  by  arraying  other 
identical  antennas  along  the  if  axis.  If  there  is  no  mutual  coupling 
between  the  antennas,  the  shape  of  the  radiation  pattern  in  the 
%“Z  plane  will  not  be  affected,  and  so  the  calculated  radiation 
pattern  in  the  X-%.  plane  obtained  using  this  approach  will  be  a 
good  approximation  to  the  actual  patterns.  Thus  the  problem  has 
been  effectively  reduced  from  three  dimensions  to  two  dimensions* 

This  simplification  allows  the  fields  to  be  described  by  exponential 
rather  than  Bessel  functions. 

It  was  shown  in  the  previous  subsection  that  the  radiation 
wave  for  a  log  periodic  antenna  can  be  treated  as  a  leaky  wave 
inside  the  active  region*  Therefore,  the  following  conditions  hold 
in  the  region  bounded  by  O—  CX  and  O  i  H-  0O, 
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FIGURE  10 

COORDINATE  SYSTEM  USED  TO 
CALCULATE  THE  RADIATION  PATTERNS 


FOR  THE  LOG  PERIODIC  DIPOLE  ANTENNA 
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assuming  =  )  is  the  complex  propagation  along 

the  centreline  of  the  antenna  and  thus  describes  the  properties  of 
the  radiation  wave  in  the  direction  along  the  boom.  Equation  (25) 
is  readily  obtained  from  Figures  8  and  10.  The  electric  field 
intensity,  parallel  to  the  antenna  elements  in  the  active  region,  is 
obtained  from  (19)  and  (25) 

<J 

where  the  time  dependence,  €  ,  is  suppressed.  El©  ,  the  amplitude 

of  the  fields  at  X  =  H  =  O  is  not  needed  since  only  the  shape  of 
the  radiation  fields  will  be  considered.  If  required,  it  could  be 
computed  by  equating  the  total  input  power  to  the  radiated  power ■> 
Since  the  antenna  is  symmetrical  about  the  X  axis,  the 
component  of  the  electric  field  is  given  by 


E^(:c,e)  =  E0  e 


-/e|  -x  <£, 


(27) 


in  the  active  region,  bounded  by  CX.  -  ^  -  0O,  and-OO  < 2  <0O# 

The  hypothesis  is  made  that  the  aperture  is  in  the  plane 
CL  ,  —00  6  1^<CQ  and  —006z*6o0  which  is  perpendicular  to  the  axis  ol 
the  antenna.  This  parallels  the  approach  used  for  the  long  Yagi-Uda 
antenna  previously  described.  Therefore,  the  aperture  distribution 

is  given  by 

_  _  -/Z/SB  -clS* 

E,<ro-,z)  =  E0e  e  =  Ee 


(28) 


at  $  .0 

*10  ^'•J  in^qo'xq  >.«d i'loa'ib  f  j/j- j  ifc  jsnnaln  •  aril  lo  anil 9’iJnto  ©/:! 

.  noHaa'ilb  aril  ni  ®v&tr  nollfilbs’i  sril 

.  .  i  i  •  i'*,.r  >r  -  ■•  ,  -  n  :  •:.  .  c  «r  1  r  !■  >.  i 

•'  f,  {  l;  f  ( 

i  Ci- )  '  n.‘!  (  i  )  uuj'ix  ban! alcro 


(xc>  L-  .  >  >  <  ( L+  5- 

•'  >  •  , 

'  1  1  '  >  '  (  -•  *  *  '  '  r  r  f  -  i  3 

^  a  3C  i*  aril  lo 

1  f  •  109  ed  liiw  «bl»il:  a+JtiaJtb*'i  aril 

* 

r  aoiiiS 

/  biy;l  oinr lo-.> !  a  aril  lo  JnanoqmoD 

t?, -  tS  |  i (•• 

9  -  (5,s).i 

*  •  •  . 

t  IaiII  9biiai  hi  aiaariloq^fl  ojfl 

H  ll  3  M I  vv  JC  >  3;  > iV...  b ,, .,  00>  y  :N  -  e  0  ~  X 

.anamtna  oril 

f  •  »*  vl^uoivoiq  Aaa&las 


(?£) 


/•  vi  *.i. 


32 


For  X  >  a.  the  electric  field  ET^Ctc^h)  may  be  found  using  the 

23  2^ 

bilateral  Laplace  transform‘d  (equivalent  to  a  Fourier  transform  ) 


E’y  c*,  h)  =J £%  (Vz')  e" 


-a-Jx-irJz 


d.  y; 


(29) 


and 


^  /x*n  _  _j _ /  r-  , 

*--2  -  ZrrjJ  ^  G  2  (30) 

V*2,  -  2»  ,2 

where  Ox  --k0-%_  and  El^C^yZ)  is  given  by  (28)  * 

In  the  following  analysis,  the  parameters  describing  the 
radiation  wave  in  the  active  region,  and  2fx  (or  XR  )  will  be 

treated  as  constants*  This  is  not  necessarily  true  for  the  actual 
antenna  since  there  is  some  variation  of  the  far  field  radiation 
patterns  as  the  frequency  is  swept  over  a  period  of  the  antenna* 

It  was  observed  during  the  measurements  presented  in  Appendix  B 
that  the  position  of  the  standing  wave  on  the  transmission  line 
field  shifted  through  360°  as  the  frequency  was  swept  over  a  period* 
Therefore,  it  is  reasonable  to  assume  that  the  position  of  the 
variations  in  the  radiation  wave  making  up  the  aperture  distribution 
v/ill  also  vary  periodically  with  frequency  and  will  cause  the 
periodic  variations  in  the  far  field  patterns*  However,  the 
variations  of  the  far  field  patterns,  and  thus,  the  effect  of  the 
variations  in  the  radiation  wave,  are  small  over  the  useable  range 
of  the  antenna's  parameters  so  that  the  patterns  obtained  by  assuming 

and  (or  )  are  constants  will  represent  the  average  shape  of 

*  Substituting  (28)  into  (30)  gives’-^ 
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In  (32),  ^c,  ^  J  Cfe-o  +  ^  *but  $ z  —  *  J  Is  a  constant. 


Therefore,  substituting  (32)  into  (29)  gives 
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(33) 


This  integral  may  be  solved  using  the  saddle-point  method  of 
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approximation  outlined  in  Appendix  In  order  to  simplify 

the  mechanics  of  using  this  method,  the  complex  plane  is  trans¬ 

formed  into  the  complex  0  plane  using  the  transformation 

~Jk0A^r^  <p‘  (34) 


where 


(p  =  +  j  ^ 


(35) 


Also,  the  rectangular  coordinates  X,Z  are  changed  to  the 
cylindrical  coordinates  &  where  ©  is  measured  irom  the  ?C  axis 


Therefore,  (33)  becomes 
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The  contour  C0  in  the  complex  <f>‘  plane  may  be  deformed  into  a 
steepest  descent  contour,  SDC,  passing  through  the  saddle-point  at 
(fi  —  © 0  The  integral  may  now  be  evaluated  assymptotically  to  yield 
the  far  field  radiation  pattern,  given  by 


e)  =  E, 


Xzk, 


^  -j(k.<lA-r%) 

e 


■£(e) 


(37) 


where  the  pattern  function, 


is 


0 _ 

A^n.2  ©  ■+■  <5^ 


(38) 


The  details  for  the  above  transformation  and  integration  are  given 
in  Appendix  A. 

A  slightly  more  convenient  form  of  (38)  can  be  obtained  in 
order  to  simplify  the  calculation  of  the  radiation  fields.  The 
relation 


X*  +8*  +kl  =  O  <39> 

can  be  obtained  from  (16)  and  (17)  on  Page  23.  Substituting  (39) 
in  (38)  yields 

x  -  Co-d^  Q _  _  _ —  Q _ 

e)  "  centre  +  ~K  +  X* 

2L  2L 

since  Ocr^  ©  tusri~Q-=.  |  „  The  angle  O  is  measured  from  the  X 
axis  as  shown  in  Figure  10. 

In  the  above  derivation,  the  radiation  patterns  of  the 
individual  elements  making  up  the  antenna  were  not  considered. 

Hence,  (40)  represents  the  group  pattern  for  the  log  periodic  dipole 
antenna.  Since  the  radiation  pattern  of  a  dipole  is  isotropic  in 
the  H. plane ,  (40)  also  represents  the  H  plane  radiation  pattern  (or 
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the  log  periodic  dipole  antenna.  To  obtain  the  E  field  pattern, 

the  unit  patterns  of  the  individual  elements  must  be  considered. 

An  exact  solution  for  these  unit  patterns  would  be  very  difficult 

to  obtain  because  the  lengths  of  the  elements  vary  and  mutual 

coupling  must  be  accounted  for.  However,  measurements  made  on  a 

wire  triangular  tooth  log  periodic  antenna  indicated  that  the 

current  distribution  over  each  tooth  is  approximately  sinusoidal 

so  that  mutual  coupling  between  the  teeth  has  little  effect  on  the 

5 

shape  of  the  current  distribution  on  the  individual  teeth.  Since 

the  active  region  is  approximately  centred  on  the  elements  which 

are  near  a  half  wavelength  long  and  the  radiation  patterns  for 

dipoles  near  this  length  are  practically  identical  to  the  pattern 

of  a  half  wave  dipole,  the  E  field  pattern  for  this  antenna  can  be 

approximated  by  multiplying  the  group  pattern  by  the  unit  pattern 

for  a  half  wave  dipole.  The  pattern  function  of  a  half  wave  dipole 

27 

with  a  sinusoidal  distribution  is  given  by 


(41) 


Therefore,  the  pattern  function  for  the  E  field  of  the  log  periodic 
dipole  antenna  is  given  by 


—  (  ^2. 


(42) 


3.4  Generalization  to  Other  Types  of  Log  Periodic  Antennas  (V^O) 

Although  it  is  necessary  to  feed  two  half  structures,  or 


booms,  of  the  log  periodic  antennas  against  each  other  or  against 
ground  in  order  to  obtain  wideband  operation,  R.  H.  DuHamel  and 
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D.  G.  Berry  have  shown,  using  special  measuring  techniques,  that 

each  half  structure  produces  a  unidirectional  beam  pointing  in  the 

18 

direction  of  its  centreline.  In  order  to  explain  the  variation 

of  the  H  field  radiation  pattern  for  the  complete  antenna  as  the 

angle ,  y  ,  between  the  booms  is  changed,  a  reasonable  approach 

would  be  to  assume  that  each  boom  radiates  independently  of  the 

other.  Therefore,  the  overall  pattern  of  the  complete  antenna  can 

be  calculated  if  the  direction  of  each  half  structure  and  the 

position  of  the  centre  of  radiation  on  each  boom  is  known.  Although 

this  approach  neglects  the  effects  of  mutual  coupling  between  the 

booms,  it  has  still  been  found  to  give  good  results." 

The  H  field  radiation  pattern  for  a  log  periodic  antenna  may 

18 

be  calculated  by  considering  Figure  11.  In  space,  the  total 
radiation  pattern  is  given  by  the  vector  addition  of  the  radiation 
fields  from  the  booms.  If  the  phase  reference  point  is  taken  to  be 
the  apex  of  the  antenna,  then  the  pattern  function  for  the  H  field 


_j  z  n^e., 


is  given  to  be 

=^(©-^2)  e  -  'i 

The  lengths,  ,  and  a  ,  are  given  by 

^et  =  dc<rctC©-^) 
z  -  cL  Ocr&  C  ©  -f- 


+  -Pce-^/a)  e'j 


- i  Ztt 


(43) 


(44) 


where  oL  is  the  distance  from  the  apex  of  the  antenna  to  the  centre 
of  radiation  on  each  boom,  measured  in  wavelengths.  For  the  special 
case  where  -  0,  the  patterns  for  the  overall  antenna  should  be 
identical  to  those  of  each  individual  boom,  providing  the  etlects  of 
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GEOMETRY  FOR  CALCULATING  THE  H  FIELD 
PATTERN  OF  A  LOG  PERIODIC  ANTENNA 


38 


mutual  coupling  are  ignored.  It  has  been  observed  that  the 
radiation  patterns  of  the  log  periodic  dipole  antenna  ('y-  =  0)  and 
the  wire  trapezoidal  tooth  half  structure  with  equivalent  parameters 
do  agree  closely.^  Therefore,  the  pattern  function, in  (43) 
for  each  boom  is  given  by  (40)  of  the  previous  subsection  making  the 
substitution  ©  *  "V-/2.  for  ©  • 

In  the  previous  subsection,  the  hypothesis  was  made  that  the 
"effective  aperture"  for  these  antennas  occurs  at  the  front  of  the 
active  region,  which  is  roughly  centred  on  the  elements  one  half 
wavelength  long.  However,  in  order  to  apply  (43),  the  exact 
location  of  the  phase  centre  of  the  radiation  from  each  boom  must 


10 


be  known.  This  information  is  available  in  the  literature  and  is 
reproduced  in  Figure  12  for  the  wire  trapezoidal  tooth  structure. 

It  was  found  that  cL  (measured  in  wavelengths)  is  essentially 
independent  of  frequency.  For  apex  angles  less  than  60°  and  in  the 
range  of  geometric  ratios  for  which  the  patterns  do  not  break  up 
excessively  over  a  period,  oL  is  also  independent  of  the  geometric 
ratio.  Thus,  Figure  12  can  be  applied  to  any  antenna  whose  parameters 
meet  the  above  restrictions. 

It  has  been  observed  that  the  E  field  beamwidth  is  reasonably 

constant  as  the  angle,  ,  between  the  booms  is  varied  from  0  to 

90°  and  so  (42)  can  be  used  to  calculate  the  E  field  pattern  for  a 

10 

log  periodic  antenna  if  r  is  not  too  large. 

3»5  Relationships  Between  the  Radiation  and  Transmission  Line  Waves 

It  has  been  shown  that  the  transmission  line  wave  terminates 
in  the  active  region,  and  the  radiation  wave  originates  therein. 
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Therefore,  the  current  distribution  on  the  teeth  in  this  region 

5 

serves  as  the  common  boundary  between  the  two  waves* 

To  simplify  the  problem  of  finding  the  relations  between  the 

radiation  and  transmission  line  waves,  it  is  convenient  to  consider 

an  end  fire  array  whose  elements  have  identical  input  impedances  and 

spacings.  For  normal  excitation,  the  phase  progression  along  the 

transmission  line  field  and  the  currents  in  the  elements  would  be 

equal*  However,  as  can  be  seen  from  Figure  7  on  Page  20,  the  feed 

system  for  log  periodic  antennas  produces  an  additional  180°  phase 

shift  between  the  elements.  If  the  elements  are  spaced  ^ 

wavelengths  apart,  the  phase  shift  of  the  transmission  line  wave 

between  elements  will  be  radians  with  the  result  that  the 

phase  shift  between  the  currents  on  these  elements  will  be  given 

4 

by  =  eT<r-tT  .  is  the  phase  constant  of  the  currents  on 

the  elements.  The  assumption  is  made  that  the  phase  progression  of 
the  radiation  wave  is  equal  to  that  of  the  currents  on  the  elements 
so  that  can  also  be  considered  as  the  phase  constant  of  the 

radiation  wave.  Therefore,  the  phase  relationship  between  the 
transmission  line  and  radiation  waves  is  given  by 

@R  =  @T  -  "/<r  (. 

for  an  array  of  elements  having  equal  input  impedances  and  spacings. 

Since  the  active  region  for  log  periodic  antennas  is  short, 

the  variation  in  the  spacings  between  the  elements  will  be  small 

4 

and  an  average  value  can  be  used.  If  <T  is  taken  to  be  the 
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spacing  between  the  half  wavelength  element  and  the  next  closer 

3 

element  to  the  apex  of  the  antenna,  the  result 


C f  = 


i  -  _ 

+  to*,  JfL 


(46) 


is  obtained  from  the  geometry  of  the  log  periodic  dipole  antenna 
shown  in  Figure  7  on  Page  20,  Using  this  approximation,  it  has 
been  found  that  (46)  gives  a  good  representation  for  the  phase 
shift  of  the  currents  on  the  elements  of  a  log  periodic  dipole 
antenna  even  though  the  input  impedances  of  the  elements  do  vary 
over  the  active  region.^ 

For  successful  log  periodic  antennas  is  normally  small 

so  that  <3*  is  negative  with  respect  to  <3T  ,  and  the  radiation 

wave  propagates  back  toward  the  apex*  This  explains  why  log  periodic 

4 

antennas  behave  as  backward  wave  structures* 

In  the  active  region,  it  can  be  seen  from  measurements 
presented  in  the  literature  that  the  currents  on  the  elements  build 
up  very  quickly  near  the  front  of  the  active  region  and  then  decay 
at  nearly  the  same  rate  as  the  transaiission  line  wave  toward  the 
rear  of  the  region*  Since  these  currents  act  as  the  source  of  the 
radiation  wave  the  phase  progression  and  distribution  of  the  wave 
will  be  similar  to  that  of  the  currents  in  the  elements.  Since  the 
phase  progression  of  the  elements  is  toward  the  apex,  the  wave  will 
appear  to  start  at  the  rear  of  the  active  region  and  propagate 
toward  the  apex,  building  up  at  the  same  rate  as  the  currents  on  the 
elements*  Near  the  front  of  the  active  region,  the  currents  on  the 
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elements  drop  off  rapidly,  and  have  little  effect  on  the  radiation 
wave.  Once  established,  the  wave  continues  to  propagate  toward  and 
beyond  the  apex,  and  becomes  the  far  field  at  a  suitable  distance 
in  front  of  the  antenna*  Therefore,  the  decay  of  and  build  up  of 
the  transmission  line  and  radiation  waves,  respectively,  are 
approximately  equal  and  the  relationships  between  the  two  waves 
are  given  by 


and  (45)  to  a  first  order  approximation*  and  oCT are  the 

attenuation  constants  for  the  radiation  and  transmission  line  waves 
respectively,  in  the  active  region* 

3.6  Summary 

It  was  shown  in  this  section  that  the  radiation  mechanism 
of  the  log  periodic  class  of  antennas  can  be  analysed  in  terms  of 
leaky  waves* 

Three  basic  assumptions  were  made  which  greatly  simplified 

the  analysis.  The  first  was  that  each  half  structure  radiates  inde 

pendent ly  of  the  other.  Although  this  approach  ignores  the  effects 

of  mutual  coupling  between  the  booms,  it  has  been  found  to  give  a 

18 

good  approximation  to  the  measured  patterns.  Therefore,  only  one 
boom  need  be  considered  in  the  leaky  wave  analysis.  Ihe  overall 
pattern  can  then  be  obtained  by  adding  the  radiation  from  the  two 
booms  vectorially  in  space.  The  second  simplification  made  was  to 
assume  k =  0,  therefore,  reducing  the  problem  to  two  dimensions. 
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This  allowed  the  fields  to  be  described  in  terms  of  exponential 
functions®  The  third  premise  was  that  the  radiating  aperture  for 
each  half  structure  occurs  at  the  front  of  the  active  region  and  is 
in  the  plane  perpendicular  to  the  boom.  The  radiation  wave,  which 
passes  through  this  plane,  was  assumed  to  make  up  the  aperture 
field  distribution® 

The  far  field  pattern  for  each  boom  may  be  obtained  from 
the  aperture  distribution  using  a  bilateral  Laplace  transform. 

This  transform  is  valid  in  the  half  plane  X  ?  cx  ,  and  therefore, 

*TT*  pp 

the  solutions  obtained  are  valid  over  the  range  -  -g-  <  &  <  "jr 
and  will  not  predict  the  radiation  in  the  rear  quadrants. 

The  E  and  H  field  pattern  functions  for  each  boom  or  for 
the  log  periodic  dipole  antenna  (  V*  =  0)  were  found  to  be 


and 


-  Co-3.  C  S) 


(42) 


-  Ccr-^S.  0 

k l  E  * 


(40) 


respectively.  The  azimuth  angle,  &  ,  is  measured  from  the 
extended  centreline  of  the  boom.  is  the  complex  propagation 

constant  of  the  radiation  wave  along  the  boom  and  fe0  is  the  wave 
number  of  free  space. 

The  H  field  pattern  function  for  other  types  of  log  periodic 

antenna  (  V  £  0)  was  found  to  be 

n  r'  ,  - j  2.7 

rl(e~'*ya)  e  +  f,(e +">/&)  e  (43) 
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(44) 


The  distance,  c(-  ,  from  the  apex  of  the  antenna  to  the  centre  of 
radiation  on  each  boom,  measured  in  wavelengths,  may  be  obtained 
from  Figure  22.  The  azimuth  angle,  0  ,  is  measured  from  the 
extended  centreline  of  the  antenna  as  shown  in  Figure  llo 

The  relations  between  the  radiation  field  and  the  trans¬ 
mission  line  field  were  found  to  be 

_r 

and 

<3*  =  <3t  -  ¥ 

where 

,  _  i  -  nr 

if1 

for  the  log  periodic  dipole  antenna,  or 

. - 

4 

for  the  other  types  of  log  periodic  antenna.  (48)  is  obtained 
from  (46)  using  (15)  on  Page  19, 

If  the  angle,  ^  ,  between  the  booms  is  less  than  90  ,  the 
pattern  function  for  the  E  field  can  be  approximated  by  (42)  with 
reasonable  accuracy*^ 

Using  the  above  equations,  the  shape  of  the  tar  field 
patterns  can  be  obtained  for  the  log  periodic  class  of  antennas  il 
the  properties  of  the  transmission  line  field  are  known.  Ihese  can 
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be  obtained  either  theoretically  or  experimentally.  In  this  thesis 
they  will  be  found  experimentally  using  the  measuring  procedure 
outlined  in  the  next  section. 
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SECTION  4 


4.  MEASURING  TECHNIQUES 


In  the  previous  section,  the  far  field  radiation  patterns 
for  the  log  periodic  antenna  were  derived  in  terms  of  the 
attenuation  and  phase  constants  of  the  transmission  line  field 
in  the  active  region  of  the  antenna. 

The  attenuation  constant  may  be  obtained  by  plotting  the 
relative  strength  of  the  transmission  line  field  in  decibels  versus 
the  distance  from  the  apex  of  the  antenna  in  wavelengths  and  taking 
the  slope  of  the  curve  in  the  active  region.  If  this  is  done,  the 
attenuation  constant  is  given  by 

OCT  =  -  -  Sg9||  (49) 

where  o CT  is  expressed  in  nepers  per  wavelength.  Similarly,  the 
phase  constant  is  found  by  plotting  the  relative  phase  shift  of  the 
transmission  line  field  in  degrees  versus  the  distance  from  the 
apex  of  the  antenna  in  wavelengths  and  taking  the  slope  of  the 
resulting  curve  in  the  active  region.  The  phase  constant  is  then 
given  by 

(3T  =  -  — |  (so) 

where  is  expressed  in  radians  per  wavelength.  Therefore,  the 

relative  magnitude  and  phase  of  the  transmission  line  field  must  be 
measured  along  the  antenna  before  the  radiation  patterns  can  be 


calculated 


;  • 


-  '•  '*»  i  ■  ■  .  !  i.  i  if  .J  t  .-iso*-,  dwi  rj‘  \:  j  3  lit 

lo  fc.ru'taX  /ii  bovinob  sisyi  &naeiixjt>  Dtboioq  xiol  -sriX  10I 

f  *  r  i  •■<•  t  f  no  r*r«xfi*SM *-.*■! .fr  oj.  ;  A <  aJnoifenoo  *-  &<  q  Uric  aoiifiuasiis 

•  *•  •  )£  dni  n  i 

i  J»0  q  n  ! ".nl  :  /  c*iJ  '>.n  J*-  Xt,  xoo  nrirjjnsXJB  sri'i 
lodiovb  nx  bX*-il  et.xL  no  <  eeiamatt-cf  jiii  ‘io  dJgtie'ifB  oviXuifii 
-**<'  ni  /.>iir  ,  tug  or.  X  c  xp.'i  -i  •>.  >  10-  t  -v.  jsXaib  »  n 

* 01 


.'J  ‘  -  ■■  ..  1  •  >o  no  -  .»*  ore  r  j  • 


(CJ>) 


Tcx 


f  *  i  boKc4d  iqx0  ei  t'3o  •*i»rfw 

9li*  10  nitlP  ®vx*sXqi  sdx  g«ixj*oXq  yd  bouol:  ei  XnaXanoo  aax;riq 

*M  oil  samiXaib  t»rix  a*« xov  899^0 b  nx  Mail  onU  noxa&xm«a*.iX 

)nj>  «i  X>|i  IftMi.'W  iu  Xinn^ine  ©rtj  i  o  xr  if 
*IH  ; 


y;c  i  <97  t  v 


. 


47 


4,1  Requirements  of  the  Measuring  System 

Since  both  the  transmission  line  and  radiation  fields  exist 

along  the  antenna,  the  measurement  of  each  individual  field  is 

rather  difficult.  It  has  been  found  that  both  these  fields  contain 

components  parallel  and  perpendicular  to  the  elements  except  in  the 

5 

plane  equidistant  between  the  two  booms.  In  this  plane,  the 
electric  part  of  the  transmission  line  field,  perpendicular  to  both 
this  plane  and  the  elements,  is  parallel  to  the  plane  containing  the 
booms.  The  radiation  field  is  parallel  to  the  elements  in  this 
plane.  Therefore,  the  sampling  probe  must  have  the  proper  polar¬ 
ization  to  a  high  degree  of  accuracy  in  order  to  sample  the  desired 
field. 

The  system  used  to  make  the  measurements  must  give  accurate 
results  over  a  wide  range  of  signal  levels  since  the  transmission 
line  field  decays  about  20  db,  in  the  active  region, 

A  desireable,  although  not  essential,  property  of  the 
measuring  system  is  that  it  can  be  used  over  a  reasonably  wide 
frequency  range.  If  the  measurements  are  made  on  a  log  periodic 
dipole  antenna  having  a  particular  value  of  geometric  ratio,  *T  , 
and  apex  angle,  ,  the  same  structure  can  be  used  for  smaller  apex 

angles  simply  by  cutting  the  elements  to  the  required  lengths. 

Since  it  is  necessary  to  measure  the  properties  of  the  transmission 
line  field  over  a  large  range  of  antenna  parameters,  a  wide  band 
measuring  system  will  greatly  reduce  the  time  required  for  assembling 


the  structures. 
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The  final  requirement  is  that  the  frequency  at  which  the 
measurements  are  to  be  made  lies  within  the  ranges  400  me,  to 
1,000  mco  and  1,900  me.  to  4,000  me.  in  order  to  use  the  equipment 
available.  The  range  between  1,900  me.  and  3,500  rnc.  is  the  most 
attractive  since  the  antenna  structures  will  be  of  a  convenient  size 
to  handle,  but  will  not  become  too  small  for  the  required  physical 
tolerances  to  be  maintained. 

Direct  probing  of  the  fields  by  a  dipole  is  unsatisfactory 

since  a  significant  portion  of  the  signal  is  picked  up  by  the  outer 

conductor  of  the  coaxial  lead.  This  results  in  the  measurement  of 

a  very  high  standing  wave  caused  by  the  vector  addition  of  the 

transmission  line  field  and  the  radiation  field  picked  up  by  the 

outer  conductor.  It  is  possible  to  eliminate  the  induced  currents 

19 

produced  by  these  fields  on  the  outer  conductor  by  using  chokes. 
However,  the  space  between  the  booms  is  rather  limited  so  that  this 
method  is  not  too  practical  unless  a  relatively  low  frequency  is 
used • ^ 

Since  only  one  boom  is  used  for  the  feed  system,  the  other 
boom  may  be  slotted  and  the  cable  to  the  probe  run  inside  the 
boom.  When  the  angle  between  the  booms  is  zero,  such  as  for  the 
log  periodic  dipole  antenna,  the  probe  is  very  nearly  symmetrically 
located  between  the  booms  and  good  results  are  obtained.  This 
requires  that  the  inner  diameter  of  the  boom  be  large  enough  to 
allow  the  feed  cable  to  move  freely  and  effectively  limits  the 
upper  frequency  at  which  the  measurements  can  be  made  to  about  500  me. 
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Therefore,  this  method  is  not  entirely  satisfactory. 

4 e 2  Description  of  Measuring  System 

The  method  finally  settled  on  was  to  mount  a  single  boom  over 

a  horizontal  ground  plane  and  use  a  vertical  probe  extending  through 

the  ground  plane  to  make  the  measurements.  Since  the  ground  plane 

is  located  symmetrically  between  the  boom  and  its  image,  the  probe 

will  only  sample  the  transmission  line  field.  This  type  of  probe 

can  be  used  over  a  wide  frequency  range.  No  currents  will  be 

induced  in  the  feed  cable  as  it  is  located  below  the  ground  plane o 

Placing  a  single  half  structure  over  an  infinite  ground 

plane  is  analogous  to  rotating  one  of  the  booms  about  its  centreline 

through  an  angle  of  180°  since  the  image  antenna  is  the  mirror  image 

of  the  actual  boom.  The  phase  of  the  energy  radiated  by  the  rotated 

antenna  is  effectively  reversed  with  the  result  that  a  null  occurs 

along  the  extended  centreline  of  the  boom  (or  the  ground  plane)  for 

the  far  field  radiation  pattern.  However,  it  has  been  observed 

that  the  E  field  radiation  pattern  is  unchanged  when  this  rotation 

is  made  so  that  the  effects  of  mutual  coupling  between  the  booms 
14 

are  small.  Therefore,  the  results  obtained  using  the  ground  plane 
should  be  identical  to  those  obtained  for  the  complete  antenna 
providing  the  ground  plane  is  infinite  in  extent.  However,  it  was 
observed  that  the  magnitude  of  the  standing  wave  of  the  transmission 
line  field  was  larger  than  that  obtained  for  the  complete  antenna. 
The  reason  for  this  apparent  discrepancy  is  that  the  reflection  of 
energy  out  of  the  active  region  from  the  booms  adds  in  phase  when 
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they  are  mirror  images.  For  the  normal  antenna,  the  reflections 
are  180°  out  of  phase  and  tend  to  cancel  so  that  the  standing  wave 

is  reduced,  A  similar  phenomenon  has  been  observed  for  the  variation 

14 

of  the  input  impedance  which  is  of  the  same  magnitude  as  the 

5 

standing  wave  on  the  transmission  line  field.  Thus,  this  method 
of  measuring  might  be  considered  as  giving  a  more  accurate  picture 
of  the  actual  transmission  line  field  for  a  single  boom  than  the 
measurements  made  on  the  complete  antenna. 

The  ground  plane  used  was  a  sheet  of  aluminum  eight  feet 
long  and  four  feet  wide.  Absorbing  material  was  piled  around  the 
edges  of  the  plane  to  make  it  appear  infinite  in  extent  to  the 
antenna.  A  photograph  of  the  ground  plane  and  absorbing  material 
is  shown  in  Figure  13*  One  piece  of  absorbing  material  was 
removed  allowing  the  antenna  to  be  seen  from  the  rear. 

A  close  up  photograph  of  a  typical  antenna  half  structure, 
with  parameters  =  0.81  and  =  20°,  mounted  over  the  ground 

plane  is  shown  in  Figure  14.  The  half  structure  is  soldered  to 
the  centre  conductor  of  a  type  UG-290/U  panel  jack  mounted  on  a 
small  aluminum  bracket.  This  is  shown  in  the  right  hand  side  of 
Figure  14.  The  feed  cable  from  the  generator  runs  up  through  a 
hole  in  the  ground  plane  and  is  connected  to  the  panel  jack,  thus, 
exciting  the  antenna.  Probing  holes  were  drilled  in  the  ground 
plane  at  intervals  of  one  half  centimeter  directly  under  t n*  boom. 

The  probe  can  be  seen  located  in  the  ground  plane  neat  1  t,c  '■  c  1 


the  antenna. 
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SHOWING  DETAILS  OF  FEED  SYSTEM 
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Figure  15  shows  a  view  of  the  bottom  side  of  the  ground 
plane  with  the  probe  assembly  in  place.  The  probe  is  held  in  place 
by  four  aluminum  strips  bolted  to  the  ground  plane  and  running 
parallel  to  the  holes.  For  each  pair  of  strips,  the  one  next  to  the 
ground  plane  is  slightly  farther  from  the  holes  than  the  top  piece 
so  that  a  small  lip  is  formed  which  holds  the  probe  assembly  in 
place*  The  probe  can  be  quickly  removed  by  twisting  it  clockwise 
until  the  plate  of  the  assembly  clears  the  lips  and  then  lifting 
it  out  of  the  hole.  To  insert  the  probe  in  another  hole,  the 
procedure  is  reversed.  The  feed  from  the  generator  is  located 
behind  the  vertical  plate. 

The  probe  assembly  is  shown  in  Figure  16.  The  ruler  shows 
the  relative  size  of  the  probe  in  inches.  The  assembly  consists  of 
a  short  length  of  RG-142/U  rigid  coaxial  cable,  a  type  UG-89/U 
connector,  a  small  aluminum  plate  and  a  small  piece  of  tin.  The 
cable  is  soldered  to  the  piece  of  tin  which  is  in  turn  bolted  to 
the  aluminum  plate,  thus,  holding  the  assembly  together.  The 
connector  is  placed  on  the  other  end  of  the  rigid  cable  and  allows 
the  signal  to  be  coupled  to  a  conventional  coaxial  cable.  To  insure 
maximum  rigidity  and  stability,  the  connectors  were  taped  together . 

The  circuit  used  to  make  the  measurements  is  shown  in 
Figure  17.  A  photograph  of  the  circuit  is  shown  in  Figure  18. 

The  relative  phase  along  the  antenna  is  determined  by  adjusting  the 
position  of  the  probe  on  the  slotted  line  and  the  variable  power 


divider  to  achieve  a  null  on  the  receiver. 
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If  the  slotted  line  is  terminated  in  its  characteristic 
impedance  then  the  signal  will  propagate  down  the  line  with  the 
speed  of  lighto  Therefore,  as  the  slotted  line  probe  is  moved  along 
the  line,  the  phase  of  the  signal  will  vary  2l  ttJL  radians  where  is 
the  distance  the  slotted  line  probe  moves,  measured  in  wavelengthso 
If  the  signal  levels  from  the  pickup  probe  sampling  the  antenna 
fields  and  from  the  probe  on  the  slotted  line  are  equal  in  magnitude 
at  the  tee,  a  very  sharp  null  will  occur  on  the  receiver  when  these 
two  signals  are  180°  out  of  phase  at  the  tee*  As  the  sampling  probe 
is  moved  along  the  antenna,  the  distance  the  probe  on  the  slotted 
line  must  be  moved  to  maintain  the  null  condition  will  give  the 
phase  shift  of  the  field  on  the  antenna* 

To  measure  the  signal  level  picked  up  by  the  sampling  probe, 
the  cable  from  the  slotted  line  probe  was  replaced  by  a  standard 
termination  at  the  tee  connector* 

4*3  Evaluation  of  Measuring  Circuit 

The  circuit  shown  in  Figure  17  has  several  rather  critical 
requirements  if  accurate  results  are  to  be  obtained* 

Since  the  variation  of  the  signal  level  along  the  antenna 
exceeds  30  db.  and  a  nulling  technique  was  used  to  measure  the 
phase,  the  detecting  device  must  be  capable  of  accurately  measuring 
signal  levels  over  a  very  wide  range*  The  generator  used,  a  PHi) 
Electronics  Corporation  Type  S712  signal  source,  has  a  maximum 
output  of  about  100  milliwatts  and  so  the  detector  must  possess 
high  sensitivity.  Fortunately,  such  a  receiver,  the  Polaroid 
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Electronics  Corporation  Model  R-Bl  Microwave  Receiver  with  Plug  in 
Unit  RW-T,  was  available*  This  receiver  will  measure  signal 
levels  over  a  70  db.  range.  It  was  found  that  the  maximum  signal 
on  the  antenna  usually  gave  a  deflection  of  over  50  db,  on  the 
receiver  so  that  a  reserve  exceeding  10  db.  was  available  for 
making  the  phase  measurements  even  at  the  lowest  signal  levels  on 
the  antenna.  Very  sharp  nulls,  as  deep  as  40  db.,  could  be 
obtained  while  making  the  phase  measurements  in  the  high  signal 
level  region  of  the  antenna.  For  lower  signal  levels,  the  depths 
of  these  nulls  were  determined  primarily  by  the  signal  level. 

Any  reflections  occurring  in  the  circuit  will  be  constant  at 
a  particular  frequency  and  hence  will  appear  as  a  standing  wave  for 
the  phase  measurements.  For  example,  if  the  lines  leading  to  the  tee 
at  the  receiver  have  ©  VSWR  of  1,1:1  the  maximum  possible  error  in 
the  phase  reading  is  -  5*5°,  providing  both  signals  are  equal  in 
magnitude.  It  was  possible  to  match  one  line  to  the  above  tolerance 
using  a  General  Radio  type  874-G10  attenuator  pad  and  a  Microlab 
AT-13N  Turret  Attenuator.  The  second  line  could  not  be  matched  to 
this  tolerance  using  the  remaining  General  Radio  and  Microlab 
attenuators  so  that  a  matching  unit  consisting  oi  attenuators  and  a 
single  stub  match  made  up  of  two  Microlab  series  SR  adjustable  lines 
was  used.  The  required  matching  tolerance  was  then  met  at  each 
frequency  by  adjusting  the  lengths  of  the  adjustable  lines* 

Any  variation  from  a  linear  phase  shift,  such  as  caused  by 
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reflections,  along  the  slotted  line  will  also  cause  an  apparent 
standing  wave  to  appear  on  the  phase  measurements,  A  General  Radio 
type  874-LBA  slotted  line  and  a  type  874  WS  termination  was  used  for 
this  part  of  the  circuit.  The  standing  wave  measured  at  the  input 
of  the  slotted  line  was  found  to  be  less  than  1,1:1  for  the 
frequencies  at  which  the  measurements  were  made.  Therefore,  the 
total  phase  error  due  to  mismatch  will  not  exceed  -  8,5°  provided 
the  signal  levels  in  the  two  lines  connected  to  the  tee  are  equal 
in  magnitude. 

Since  fairly  high  standing  waves  were  found  to  exist  on  the 
transmission  line  field,  the  effects  of  the  above  mismatches  were 
hardly  noticeable  during  the  course  of  the  measurements. 

The  above  tolerance  on  the  phase  measurements  will  rise 
rapidly  if  the  magnitude  of  the  signals  in  the  lines  connected  to 
the  tee  are  not  kept  equal.  An  equally  important  reason  for 
maintaining  equal  signal  levels  in  the  lines  is  that  the  null 
broadens  rapidly  if  the  signals  are  not  nearly  equal.  Therefore, 
the  inclusion  of  the  variable  power  divider  in  the  circuit  is  a 
necessity  since  the  signal  level  along  the  antenna  varies  over  a 
very  wide  range.  However,  the  phase  delay  through  the  power 
divider  must  remain  constant  as  the  attenuation  is  changed  if  the 
readings  are  to  have  any  meaningo  The  output  of  the  power  divider 
used,  a  General  Radio  Type  874-GA  adjustable  attenuator,  can  be 
varied  over  a  range  of  120  dbo ,  which  is  more  than  adequate  for  the 
attenuation  requirements.  Basically  it  consists  of  a  waveguide 
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structure  operating  in  the  cuttoff  region  of  the  TE  mode.  The 
output  signal  is  obtained  from  a  pickup  loop.  Since  the  waveguide 
operates  in  the  cuttoff  region,  the  signal  picked  up  by  the  loop 
varies  rapidly  for  small  displacements  of  the  loop,  and  of  equal 
importance  for  this  application,  the  phase  shift  through  the 
device  remains  constant  as  the  position  of  the  loop  is  changed. 

An  attempt  was  made  to  calibrate  the  overall  system.  This 
was  done  by  replacing  the  antenna  with  a  length  of  brass  welding 
rod  short  circuited  by  a  vertical  aluminum  plate  placed  at  the  end 
of  the  rod  in  the  plane  perpendicular  to  the  rod.  Since  there  were 
no  elements  on  the  rod,  the  signal  propagated  down  the  rod  with 
the  speed  of  light,  and  was  reflected  by  the  plate  causing  a  high 
standing  wave  to  exist  along  the  rod.  The  results  are  shown  in 
Figures  19  and  20.  The  measured  standing  wave  ratio  along  the  line 
was  about  9:1.  The  theoretical  curve  for  this  standing  wave  ratio 
was  drawn  to  assist  in  evaluating  the  measurements.  Since  some 
perturbation  of  the  fields  were  observed  at  the  short  circuiting 
plate,  the  zero  position  for  the  horizontal  ordinate  was  displaced 
to  the  null  one  half  wavelength  from  the  plate.  As  can  be  seen, 
the  results  are  satisfactory  for  both  the  magnitude  and  phase 
measurements. 

During  the  early  stages  of  the  measurements,  some  difficulty 
was  encountered  due  to  direct  radiation  from  the  leedo  i he  feed 
system  shown  in  Figure  14,  on  Page  52,  was  evolved  and  found  to 
give  satisfactory  results.  Figure  21  shows  the  signal  level  of  the 
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direct  radiation  from  the  feed  system  with  the  antenna  removed. 

The  zero  decibel  level  was  taken  to  be  the  maximum  signal  measured 
with  an  antenna  half  structure  soldered  in  place.  As  can  be  seen, 
the  direct  radiation  is  quite  low  and  was  found  to  have  little 
effect  on  the  measurements,  with  the  possible  exception  of  the 
area  to  the  rear  of  the  active  region  where  the  transmission  line 
field  is  highly  attenuated.  Fortunately,  the  measurements  made  in 
this  region  are  of  no  importance  in  this  thesis. 

4.4  Radiation  Pattern  Measurements 

In  order  to  evaluate  the  theory,  it  is  necessary  to  compare 
the  shape  of  the  calculated  radiation  patterns  to  those  obtained 
experimentally. 

The  equipment  for  an  antenna  range  was  purchased  during  this 
semester,  and  a  temporary  installation  set  up  for  use  in  conjunction 
with, the  undergraduate  laboratories.  It  was  found  to  give  very 
good  results  for  measurements  made  in  the  azimuth  plane. 

A  photograph  of  the  receiving  site  is  shown  in  Figure  22. 

A  wooden  structure  with  absorbing  material  tied  to  it  was  built 
around  the  turntable  in  order  to  minimize  reflections  from  the  walls 
of  the  room.  The  turntable  is  a  Scient if ic-At lanta  Inc.  Medium 
Duty  Azimuth  Positioner,  Model  PMA-5R  and  the  recorder  is  a 
Scient if ic-Atlanta  Inc.  Series  APR-20  Rectangular  Recorder. 

A  Hewlett  Packard  Model  420A  crystal  detector  was  used  with 
the  recorder.  The  calibration  of  the  crystal  detector-recorder 
combination  was  checked  using  the  receiver  as  a  standard.  Based  on 


./«#.*<  linnoia*  srfi  riiiw  mais^s  b®el  ®rii  moil  aoiisib&i  iooTib 
f'too.r  l-  o.  r  ©rii  ©d  oi  itoxj&i  *£»w  lovoi  iedbsb  ot®s  ©xtT 

,r«©&  ©d  nao  sA  .oof.i'a  ni  bs'i&hioa  •*  ■  lisd  *ruis>tnfi  it s  rtirw 

!  oi  bnijo?  *sw  bits  woX  ©iiup  si  MtifU Hurt  I  o  ©rfi 
■'  to  :  *<:*■  '  ■  *  I'd  ■  fc  <  <•.  *•  J  ■  i  >  i.  f  n  y  .  no  l-’oV!-. 

oni  ooi^ai«E4fU  it  9fiJ  noi^a'i  ©viio*  odi  Jo  ©di  oi  sous 

ottm  si  bleil 

*  ’ "  •*  •  "  ':  ’  <  • "'  .  ;  ,";••••  •  sj  < 

J  i  • 

sinqaios  oi  a  Hi  it  #v'toorij  ©rii  ©iauisv©  c  |  , 

ir  f  !o  9*0 di  c.i  sfusjJeq  /toi Juiban  b**i«iu©lso  ©ifi  1o  ©quite  ©rfi 

'  1  hbw  sjnin  u»Ju  no  -rol  iamaqlup*  »dT 

a»t ioaMtmca  mi  •>.-  ,  ,  , 

■ 

’ 

J  J  i  *>..«  1>  OJ  '’oil  snid-iosd<  d  ■  i*  o-uitwiln  asbooi  A 

*  .‘  67.  aott  inoUs-illM  os  ffliin  tm  oJ  lob-io  ni  o£d»Amu»  »dj  bnuois 

.  .ni 

«  -i  T  v  .ooo  i  oiU  bn,.  UC-.  K  .  Io:.oi'.  ,-iono.  ruuratsA  tjJuU 

'  -  noioa 

o«u  -mw  loJaoJob  Xfijario  AOiiA  IshoM  lioXwjH  A 

«rr  ,i«iutn  ,dA 


. . 


•  *“  »*»  ‘  -midBoo 


66 


TEMPORARY  ANTENNA  RANGE  RECEIVING  SITE 


67 


a  linear  scale,  it  was  found  that  the  variations  between  the  two 
were  insignificant  over  the  frequency  range  required  for  the 
pattern  measurements « 

The  transmitting  site  was  located  at  the  other  end  of  the 
room,  a  distance  of  about  thirty  feet.  It  consisted  simply  of  an 
S  band  horn  and  the  generator  used  for  the  measurements  of  the 
transmission  line  characteristics. 
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SECTION  5 
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5 •  RESULTS 


5,1  Presentation  of  Measured  Data  for  Transmission  Line  Field 

Measurements  were  made  on  the  log  periodic  dipole  antenna  to 

determine  the  characteristics  of  the  transmission  line  field  for 

the  parameters  7T  =  0.95,  0*89,  and  0.81.  The  apex  angle,  ^  , 

for  each  of  the  above  geometric  ratios,  ,  was  varied  in  steps  of 

five  degrees  over  the  useable  range  of  the  antenna  (measured  VSWR 

15 

of  input  impedance  less  than  2:1  ). 

The  log  periodic  dipole  antenna  was  chosen  since  the  apex 
angle  for  a  particular  geometric  ratio  could  be  varied  simply  by 
cutting  the  elements  to  the  proper  lengths.  Therefore,  it  was 
neccessary  to  build  only  three  structures  which  represented  a 
considerable  saving  in  time  and  materials.  This  antenna  does  represent 
a  simplification  of  the  other  types  of  log  periodic  antennas.  However, 
the  pattern  of  the  complete  log  periodic  antenna  can  be  calculated 
using  array  theory  once  the  pattern  of  each  half  structure  has  been 
determined  using  the  leaky  wave  theory. 

A  length  of  brass  welding  rod  0.241  cms.  in  diameter  was  used 
for  the  boom.  The  half  structure  was  mounted  one  centimeter  above 
the  ground  plane  as  shown  in  Figure  14  on  Page  52.  Thereiore,  the 
characteristic  impedance  of  the  equivalent  twin  lead  transmission 
line  for  the  complete  antenna,  20  ,  is  340  ohms.  Number  14 
copper  wire  was  used  for  the  elements  which  were  soldered  to  the 
Thus,  the  length  to  diameter  ratio  of  the  half  wavelength 
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element  varied  from  46,1  at  2000  me.  to  26.4  at  3500  me. 

The  measured  results  for  the  transmission  line  field  are 
presented  graphically  in  Appendix  B,  The  position  along  the  boom 
is  measured  from  the  apex  of  the  antenna  in  wavelengths.  The 
advantage  of  using  this  method  is  that  the  position  of  the  half 
wave  element  for  each  graph  remains  fixed  for  all  frequencies. 
Therefore,  if  there  is  no  variation  of  the  fields  as  the  frequency 
is  varied  over  a  period,  all  the  curves  for  a  particular  and  »0-» 
will  be  superimposed. 

As  previously  stated,  Bell,  Elfving  and  Franks  found  that 
the  VSWR  of  the  transmission  line  wave  was  equal  to  the  VSWR  of  the 

5 

input  impedance,  Isbell  has  measured  the  input  impedance  of  log 
periodic  antennas  and  found  the  VSWR  to  be  less  than  2:1  over  the 

15 

range  of  parameters  for  which  the  curves  in  Appendix  B  were  made. 
While  the  VSWR  for  various  antenna  parameters  follows  the  trend  of 
Isbell’s  impedance  measurements,  it  is  much  greater  than  2:1. 

This  apparent  discrepancy  can  be  explained  as  follows:  The 
measurements  presented  in  Appendix  B  were  made  on  a  single  boom 
mounted  over  a  ground  plane,  which  causes  a  mirror  rather  than 
complimentary  image.  The  reflections  from  this  mirror  image  are 
in  phase  with  those  from  the  real  boom  and  so  a  large  VSWR  is 
obtained.  For  the  actual  antenna,  the  booms  are  complimentary,  so 
that  the  reflections  from  them  are  180  out  of  phase  and  tend  to 
cancel.  This  results  in  the  lower  VSWR  measured  for  the  actual 
antenna,  DuHamel  and  Ore  have  reported  input  impedance  VSWR's  of  the 
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order  5:1  to  8:1  if  the  elements  are  located  less  than  a  half  wave- 

14 

length  from  the  ground  plane*  A  series  of  input  measurements 
was  made  for  =  0*89  and  various  apex  angles*  The  VSWR's  for 
the  input  impedance  measurements  agreed  with  those  of  the  transmission 
line  wave* 

It  was  noticed  that  the  position  of  the  standing  wave  of 
the  curves  repeated  with  a  period  of  (  '/t ) .  Thus,  if  the 

frequency  is  changed  from  f  to  ^  Z  -f  t  the  position  of  the  standing 
waves  for  the  two  frequencies  will  be  90°  apart  in  terms  of  the 
transmission  line  field  wavelength*  This  procedure  was  found  to 
greatly  aid  in  measuring  the  slope  of  the  curves*  The  measurements 
for  =  0  *95  are  at  random  frequencies  because  they  were  made 
before  the  advantages  of  this  property  were  realized.  A  ground 
plane  could  not  be  used  for  S  much  less  than  0*81  since  the  VSWR 
of  the  transmission  line  wave  is  nearly  as  large  as  the  drop  in  the 
signal  level  in  the  active  region.  Fortunately,  log  periodic 
dipole  antennas  with  *7T  j  less  than  0*8  break  up  excessively  as  the 

3 

frequency  is  varied  over  a  period*  Therefore,  this  value  represents 
the  lower  limit  of  T  «, 

A  vertical  line  was  drawn  on  each  graph  at  the  position  of  a 
hypothetical  half  wavelength  element  in  order  to  give  a  reference 
point* 

The  results  of  the  measurements  presented  in  Appendix  B  for 
the  transmission  line  field  are  given  in  Figures  25  and  24.  They 
follow  general  trends  which  could  have  been  predicted  intuitively* 
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In  the  limiting  case  as  the  apex  angle  approaches  zero,  the  antenna 

degenerates  to  an  infinite  parallel  transmission  line  along  which 

the  transmission  line  wave  will  propagate  with  the  velocity  of 

light  and  without  attenuation.  Thus,  as  the  apex  angle  is  decreased, 

it  is  expected  that  the  attenuation  and  the  phase  constants  will 

decrease,  approaching  zero  and  fe.0  respectively  in  the  limiting  case 

as  the  apex  angle  approaches  zero.  This  trend  was  observed  and  so 

the  curves  were  extended  to  these  limiting  cases.  As  the  geometric 

ratio ,  •r  ,  is  increased,  more  elements  will  be  closer  to  a  half  a 

wavelength  long  and  they  will  be  spaced  closer  together  with  the 

result  that  the  antenna  will  radiate  more  efficiently.  The  resulting 

higher  rate  of  decay  of  the  transmission  line  wave  will  yield  a 

higher  attenuation  constant  as  is  increased.  For  a  given  length 

of  element,  it  has  been  found  that  the  velocity  of  the  wave  passing 

over  parasitic  elements  is  reduced  as  the  number  of  elements  per 

22 

wavelength  is  increased.  A  similar  result  is  to  be  expected  for 
directly  excited  elements  so  that  the  phase  constant  should  increase 
as  the  geometric  ratio  is  increased  for  a  particular  apex  angle. 

The  same  points  could  also  be  argued  by  considering  the  limiting 
cases  as  the  geometric  ratio  approached  zero  for  which  oCT  and  @T 
approach  zero  and  fe*©  respectively. 

5o2  Comparison  of  Calculated  and  Measured  Radiation  Patterns  lor 

Log  Periodic  Dipole  Antenna 

The  shapes  of  the  far  field  radiation  patterns  were  calculated 
using  the  theory  of  Section  3  and  Figures  23  and  24.  In  order  to 
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obtain  the  most  meaningful  comparison,  the  elements  were  made  from 
the  same  size  wire  as  those  used  to  measure  the  attenuation  and 
phase  constants*  The  same  frequencies  were  also  used  in  an  attempt 
to  minimize  the  effect  of  changing  the  height  to  diameter  ratio  of 
the  elements.  Unfortunately,  the  RG-142/U  rigid  coaxial  cable 
which  is  most  suitable  for  constructing  the  boom  carrying  the  feed 
cable  has  a  diameter  of  0*355  cms*  Further,  it  is  not  practical  to 
separate  the  booms  two  centimeters  because  this  separation  is  not 
small  compared  to  the  wavelengths  used  and  would  have  a  noticeable 
effect  on  the  H  plane  radiation  pattern*  Therefore,  a  separation 
of  0*6  cms.  was  used.  This  resulted  in  a  H0  of  140  ohms  for  the 
antennas  used  to  make  the  pattern  measurements  compared  to  340  ohms 
for  the  structure  used  to  measure  the  characteristics  of  the 
transmission  line  field* 

It  has  been  found  that  increasing  Z0  tends  to  broaden  the 
beamwidth  very  slightly.  However,  this  effect  is  negligible 
compared  to  the  degree  of  accuracy  obtained  using  the  theory 
developed  in  this  paper. 

Calculated  and  measured  far  field  patterns  for  several 
parameters  are  shown  in  Figures  25  to  33.  A  comparison  oi  the 
calculated  and  measured  half  power  beamwidths  is  shown  in  Figures 
34  and  35  for  the  E  and  H  planes  respectively.  Since  the  calculated 
patterns  do  not  account  for  any  variations,  they  can  be  thought  of 
as  representing  the  average  radiation  pattern.  Therefore,  the  far 

measured  at  several  frequencies  over  a  period 
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FIGURE  25 

RADIATION  PATTERNS  OF  LOG  PERIODIC 
DIPOLE  ANTENNA  FOR  *p=0.95  AND  =  50° 


E  Plane 


Measured 

Calculated 


H  Plane 


FIGURE  26 

RADIATION  PATTERNS  OF  LOG  PERIODIC 
DIPOLE  ANTENNA  FOR  *  0.95  AND  20° 
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FIGURE  27 

RADIATION  PATTERNS  OF  LOG  PERIODIC 


DIPOLE  ANTENNA  FOR  *£  «  0.95  AND  h&i =  10° 
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FIGURE  28 

RADIATION  PATTERNS  OF  LOG  PERIODIC 


DIPOLE  ANTENNA  FOR  *T  s  O089  AND  >0^=  40° 
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FIGURE  29 

RADIATION  PATTERNS  OF  LOG  PERIODIC 
D I POLE  ANTENNA  FOR  =  0.89  AND  =  25° 
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FIGURE  30 

RADIATION  PATTERNS  OF  LOG  PERIODIC 
DIPOLE  ANTENNA  FOR  =0.89  AND  ^  =10° 
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FIGURE  31 

RADIATION  PATTERNS  OF  LOG  PERIODIC 
DIPOLE  ANTENNA  FOR  =  0.81  AND  =40° 
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FIGURE  32 

RADIATION  PATTERNS  OF  LOG  PERIODIC 
DIPOLE  ANTENNA  FOR  T  =  0.81  AND  30° 
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FIGURE  33 

RADIATION  PATTERNS  OF  LOG  PERIODIC 
DIPOLE  ANTENNA  FOR  *£  a  0.81  AND  *0* *  20° 
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and  averaged  to  obtain  the  measured  results  presented  in  Figures  25 
to  35,  The  variations  of  the  patterns  over  a  period  were  found  to 
be  quite  small  within  the  useable  range  of  antenna  parameters. 

An  examination  of  Figures  34  and  35  reveals  that  the  minimum 
beamwidth  for  each  geometric  ratio  occurs  at  a  different  apex  angle® 
For  larger  apex  angles,  the  beamwidth  increases  slowly  and  for 
smaller  apex  angles,  it  increases  rapidly® 

The  effects  of  the  leaky  wave  pole  can  be  seen  from  the 
expression 


_ CCr^  ©  *“  Co^  ©  f 

e -A) -j B  (51) 

which  is  the  H  plane  pattern  function*  Equation  (51)  can  be  readily 

obtained  by  combining  (25)  and  (40)  on  Pages  29  and  34  respectively® 

When  the  denominator  is  at  a  minimum,  the  magnitude  of  £d)will 

tend  to  be  a  maximum  depending  on  the  value  of  Co-CL  ©  ,  It  can  be 

+  Vt. 

seen  that  the  minimum  of  the  denominator  occurs  at  —  -A  and 

the  sharpness  of  this  minimum  is  determined  by  the  magnitude  oi  B. 

In  Section  3,  the  assumptions  were  made  that 

dZR  -  oCT  (47) 


and 

=  @T  -  % 


(45) 


where 


I  - 


4* 


(46) 


Using  these  equations  and  Figures  (23)  and  (24),  it  is  readily  seen 
that  the  magnitudes  of  both  oCR  and  increase  as  the  apex  angle 
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is  widened.  The  magnitude  of  varies  faster  than  the  magnitude 

°f  OCRand  for  large  apex  angles,  the  magnitude  of  @  is  much 

R 

larger  than  that  of  0CR  ,  Therefore,  the  magnitudes  of  A  and  B  are 
proportional  to  the  apex  angle,  being  large  for  wide  apex  angles 
and  small  for  narrow  apex  angles. 

For  wide  apex  angles,  both  A  and  B  are  large  so  the  denominator 
of  (51)  is  nearly  constant  for  all  azimuth  angles.  As  a  result, 
the  theory  predicts  that  the  H  plane  pattern  function  will 
assymptot ical ly  approach  a  cosine  distribution  for  very  large  apex 
angles . 

This  distribution  can  also  be  predicted  intuitively  as  a 
first  order  approximation  to  the  actual  antenna  having  a  large  apex 
angle.  In  the  limit  as  the  apex  approaches  180°,  all  the  elements 
of  the  antenna  will  be  located  vanishingly  close  to  the  apex  with 
the  result  that  the  spacings  between  the  elements  will  be  very  small. 
Therefore,  the  net  effect  of  the  elements  in  the  active  region  will 
be  essentially  that  of  a  single  half  wavelength  dipole.  The  elements 
to  the  rear  of  the  active  region,  which  are  longer,  will  not  be 
excited  (providing  they  are  of  a  non-resonant  length).  Thus,  the 
structure  can  be  simplified  to  that  ol  a  driven  half  wavelength 
dipole  located  immediately  in  front  of  a  longer  non-resonant  element 
which  acts  as  a  reflector.  For  the  idealized  case,  the  reflector 
will  create  a  perfect  image  dipole  located  vanishingly  close  to  the 
driven  element.  In  the  H  plane,  these  two  idealized  dipoles  form  a 
Hertzian  dipole  pair  whose  pattern  function  is  given  by  a  cosine 
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27 

distribution,, 

As  the  apex  angle  is  reduced,  both  A  and  B  in  (51)  decrease. 
In  this  region  A  is  still  greater  than  unity  so  that  the  minimum 
of  the  denominator  occurs  at  the  azimuth  angle  ©  =  0°.  Since  the 
magnitude  of  B  is  proportional  to  the  apex  angle,  the  beamwidth 
gradually  decreases  as  the  apex  angle  is  reduced.  To  a  first  order 
approximation,  the  minimum  beamwidth  for  a  particular  geometric 
ratio ,  'T  ,  occurs  at  the  azimuth  angle  for  which  A  =  1,  or 


It  is  easily  seen  that  B  will  be  large  for  this  apex  angle 
unless  OC^is  very  small.  Since  the  active  region  for  successful 
log  periodic  structures  is  fairly  short,  OCR  must  be  reasonably 
large  in  order  to  have  the  energy  in  the  transmission  line  wave 
efficiently  transferred  to  the  radiation  wave.  Thus,  as  often 
happens  in  engineering  problems,  the  two  requirements  are  contra¬ 
dictory  and  a  compromise  must  be  made. 

The  variations  of  A  and  B  with  respect  to  the  apex  angle 
were  found  to  have  secondary  effects  on  the  patterns,  and  it  was 
found  that  the  minimum  beamwidth  for  a  particular  geometric  ratio 
occurred  at  a  slightly  wider  apex  angle  than  that  given  by  (52). 

With  a  further  reduction  in  the  apex  angle,  both  A  and  B 
continue  to  decrease  in  magnitude.  In  this  region  A  is  less  than 
unity  and  the  azimuth  angle  for  which  the  denominator  of  (51)  is 
a  minimum  begins  to  scan  toward  broadside.  B  becomes  rather  small 
and  this  minimum  can  become  quite  sharp  with  the  result  that  the 


(52) 


(Sc) 
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maximum  value  of  -^(©)also  scans  towards  broadside®  Good  examples 
of  this  behavior  are  shown  in  Figures  30  and  33® 

Although  Figures  25  to  35  show  that  the  calculated  patterns 
agree  with  those  obtained  experimentally  with  a  reasonably  good 
degree  of  accuracy,  the  theory  does  have  some  failings.  First,  the 
measured  patterns  do  not  assymptotically  approach  a  cosine  dis¬ 
tribution  for  large  apex  angles®  Figures  34  and  35  show  that  the 
beamwidth  in  this  region  is  inversely  proportional  to  the  geometric 
ratio  and  does  not  assymptotically  approach  a  single  beamwidth  for 
all  geometric  ratios  as  the  theory  predicts.  Figures  25  and  28  are 
examples  of  the  patterns  in  this  region  and  show  that  the  theory  is 
valid  to  a  first  order  approximation®  Surprisingly,  both  the 
measured  and  calculated  patterns  reveal  that  this  region  begins  for 
apex  angles  much  smaller  than  the  limiting  case  of  180°.  As  might 
be  expected  from  the  qualitative  analysis  given  above,  the  apex  angle 
for  which  this  region  begins  is  inversely  proportional  to  the  geometri 
ratio.  Structures  built  in  this  region  of  the  parameters  are  not 

15 

too  practical  since  the  VSWR  of  the  input  impedance  is  fairly  high* 

The  curves  presented  in  Figures  34  and  35  extend  approximately  over 

the  range  for  which  the  measured  VSWR  of  the  input  impedance  is  less 

than  2 : 1  and  reasonably  good  agreement  between  the  measured  and 

calculated  beamwidths  is  obtained.  The  impedance  measurements 

indicate  that  the  VSWR  will  increase  rapidly  for  larger  apex  angles 

15 

outside  the  range  shown  in  Figures  34  and  3d. 

For  small  apex  angles,  the  pattern  maximum  scans  toward 
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broadside  as  previously  described,.  This  can  also  be  predicted 
intuitively  from  the  relationship 

(3=0  -Jr. 
vT  <r 

For  small  apex  angles,  becomes  large  so  that  (3  can  become  zero 

R 

and  might  even  have  the  same  sign  as  for  certain  parameters. 

When  is  zero,  all  the  elements  are  excited  in  phase.  This  is  the 

condition  for  broadside  radiation  from  other  types  of  antennas. 

Figure  33  reveals  that  the  measured  patterns  tend  to  support  this 
reasoning.  Because  of  the  cosine  term  in  the  numerator  of  (51), 
the  theory  cannot  predict  broadside  radiation  although  it  certainly 
does  predict  the  scanning  of  the  maximum  toward  broadside.  However, 
the  measured  far  field  patterns  break  up  rather  badly  for  these 
small  apex  angles  as  the  frequency  is  varied  over  a  period,  and  so 
the  antennas  are  not  of  any  practical  use  in  this  region. 

Figure  36,  for  =  0,81  and  =  15°,  shows  the  break  up  of 
the  patterns  in  this  region  of  the  parameters.  The  patterns  were 
measured  over  a  period  and  found  to  fall  within  the  crosshatched 
area  between  the  two  curves.  It  was  observed  that  this  break  up  of 
the  patterns  occurred  rather  suddenly.  The  measured  patterns  for 
^  =  0.81  and  & =  20°  showed  a  much  smaller  variation  as  the 
frequency  was  changed.  The  variations  of  the  patterns  lor  most  of 
the  other  parameters  would  have  only  caused  a  thickening  ol  tue  line 
if  the  patterns  were  drawn  to  the  same  scale  used  in  Figure  36. 

As  might  be  expected,  the  shape  of  the  measured  E  plane 
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patterns  show  better  agreement  with  the  calculated  patterns  than 
the  H  plane  patterns  do0  This  is  because  the  unit  pattern  of  the 
individual  elements  does  not  permit  radiation  in  the  direction 
broadside  to  the  arrayo 

The  experimental  data  shown  in  Figures  34  and  35  reveals 
that  the  minimum  obtainable  beamwidth,  for  a  particular  choice  of 
m  ,  varies  inversely  with  the  parameter  ^  ,  being  about  25° 
narrower  for  =  0o95  than  -  0.81  in  the  H  plane.  The  calcul¬ 
ated  curves  show  that  the  idnimum  obtainable  beamwidth  for  the 
three  values  of  used  are  nearly  equal.  This  represents  a  rather 
serious  failure  since  the  conclusion  to  be  drawn  from  these  curves 
is  that  any  value  of  ^  in  the  above  range  can  be  used  to  obtain 
the  minimum  beamwidth  (or  maximum  gain)  for  this  class  of  antennas 
as  long  as  the  proper  apex  angle  is  used.  This,  of  course,  is  an 
incorrect  conclusion  as  the  measurements  clearly  show.  It  is 
believed  that  these  erroneous  results  are  due  to  the  assumptions 
made  in  Section  3  relating  the  characteristics  of  the  radiation 
wave  to  transmission  line  wave,  and  are  not  a  basic  deficiency  of  the 
leaky  wave  approach.  While  the  assumptions  made  relating  the  two 
waves  are  valid  as  first  order  approximations,  the  actual  relation¬ 
ship  between  the  two  waves  is  undoubtedly  more  complicated  than  that 
given  by  (45)  and  (47). 

Since  the  transform  used  is  valid  only  in  the  half  plane  to 
the  front  of  the  antenna,  no  information  is  given  regarding  the 
pattern  shape  in  the  rear  quadrants.  However,  Figures  (25)  to  (33) 
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show  little  energy  is  radiated  to  the  rear  of  this  antenna  in  the 
useable  region  of  its  parameter,  so  that  this  deficiency  is  not  too 
important..  If  it  is  desired  to  predict  the  front  to  back  ratio  of 
these  antennas,  a  more  sophisticated  theory  will  be  required. 
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SECTION  6 
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6*  CONCLUSIONS 


lhe  object  of  this  thesis  was  to  provide  an  analytic  solution 

of  the  far  field  radiation  patterns  for  the  log  periodic  class  of 

antennas*  Within  certain  limitations,  this  goal  was  obtained  by 

considering  them  to  behave  as  a  leaky  wave  device* 

It  has  been  shown  by  DuHamel  and  Berry  that  each  half 

structure  radiates  by  itself  with  the  result  that  the  pattern  of  the 

complete  antenna  can  be  obtained  using  array  theory  if  the  pattern 

functions  of  each  boom  are  known*  This  approach  neglects  the  effects 

of  mutual  coupling,  but  it  has  been  shown  that  these  effects  have 

18 

only  a  small  influence  on  the  shapes  of  the  radiation  patterns. 

The  radiation  pattern  for  each  half  structure  was  obtained 
by  hypothesising  the  existence  of  a  radiating  aperture  at  the  front 
of  the  active  region  in  the  plane  perpendicular  to  the  half  structure* 
The  approximate  aperture  distribution  was  obtained  by  considering 
the  radiation  wave  to  behave  as  a  leaky  wave  in  the  active  region* 

The  far  field  pattern  was  found  from  this  aperture  distribution 
using  a  transform  technique*  This  procedure  did  not  consider  the 
half  wave  dipoles  from  which  the  radiation  wave  originated  so  that 
this  pattern  represented  the  group  pattern.  Since  dipoles  are 
isotropic  in  the  H  plane,  this  pattern  gave  the  H  plane  pattern 
function  for  the  half  structure.  The  assumption  was  made  that  the 
unit  pattern  for  the  elements  is  that  ol  a  halt  wave  dipole*  i  tie 
product  of  the  group  pattern  and  this  unit  pattern  gave  the  E  plane 
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pattern  function©  The  pattern  function  of  the  complete  structure 
was  then  obtained  using  array  theory. 

Assumptions  were  made  relating  the  radiation  wave  to  the 
transmission  line  wave  so  that  the  far  field  pattern  functions  of 
these  antennas  can  be  calculated  if  the  characteristics  of  the 
transmission  line  wave  are  known© 

These  characteristics  were  obtained  experimentally  for  a 
log  periodic  dipole  antenna  and  used  to  calculate  the  far  field 
patterns.  It  was  found  that  each  value  of  the  geometric  ratio,  , 
had  a  corresponding  apex  angle,  ^ ,  for  which  minimum  beamwidth 
was  obtained.  It  was  found  that  this  minimum  beamwidth  occurs 
approximately  at  the  apex  angle  for  which  the  relation 

-  <  -  £  ( 
is  satisfied.  The  beamwidth  for  this  apex  angle  was  found  to  be 
directly  proportional  to  the  magnitude  of  0CR©  It  was  observed 
that  this  property  effectively  limits  the  minimum  beamwidth,  or 
maximum  gain,  which  can  be  obtained  from  this  antenna  since  the 
magnitude  of  OCRmust  be  fairly  large  for  frequency  independent 
operation  to  take  place© 

The  calculated  far  field  patterns  were  found  to  show  reason¬ 
ably  good  agreement  with  the  main  beam  oi  patterns  obtained 
experimentally.  This  agreement  demonstrates  that  the  actual  radiation 
patterns  for  these  antennas  can  be  approximated  by  the  pattern 
obtained  using  aperture  theory  where  the  aperture  field  is  computed 
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using  leaky  wave  theory.  While  this  approach  gives  only  the  approximate 
aperture  distribution,  the  far  field  patterns  thus  calculated  have 
been  found  to  show  exceedingly  close  agreement  with  the  actual 

23  24 

patterns  if  the  magnitude  of  the  attenuation  constant  is  small.*" 

For  the  log  periodic  class  of  antennas,  reasonably  good  agreement 
was  also  obtained  using  this  simplified  aperture  distribution, 
although  the  correlation  was  not  as  good  as  that  obtained  for 
structures  with  small  attenuation  constants.  In  the  case  of  log 
periodic  antennas,  where  the  magnitude  of  the  attenuation  constant  is 
fairly  large,  the  influence  of  other  factors  on  the  shape  of  the 
radiation  patterns  becomes  significant.  This  occurs  because  the 
effect  of  the  leaky  wave  pole  is  inversely  proportional  to  the 
magnitude  of  the  attenuation  constant.  However,  the  generally  good 
agreement  obtained  demonstrates  that  the  leaky  wave  mode  plays  the 
dominant  role  in  determining  the  far  field  radiation  patterns  of  these 
antennas  o 

One  main  failure  of  the  theory  was  noted.  This  was  that  the 
minimum  obtainable  beamwidths  for  various  values  of  were 
approximately  equal  and  did  not  vary  inversely  with  *£  as  was 
experimentally  observed.  This  failure  of  the  theory  was  attributed 
to  the  assumptions  made  relating  the  characterist ics  of  the  trans¬ 
mission  line  and  radiation  waves. 

It  was  also  noted  that  if  the  front  to  back  ratio  of  these 
antennas  is  required,  a  more  sophisticated  theory  would  have  to  be 
used  since  the  transform  is  valid  only  for  the  half  plane  in 
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front  of  the  antenna, 

The  conclusion  was  made  that  the  radiating  patterns  for  the 
log  periodic  antenna  can  be  obtained  analytically  from  the 
properties  of  the  transmission  line  field  by  considering  this 
antenna  to  behave  as  a  leaky  wave  device » 
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APPENDIX  A 
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APPENDIX  A:  THE  SADDLE-POINT  METHOD 
OF  APPROX E-tATE  INTEGRATION 


The  saddle-point  method  of  approximate  integration  allows 
integrals  of  the  form  given  by  (33)  in  Section  3  to  be  evaluated  for 
large  arguments  using  an  assymptotic  expansion.  The  following 
analysis  of  this  method  is  a  condensed  version  of  that  given  in 
Reference  (26)  and  is  put  in  a  convenient  form  to  be  used  in 
Section  3. 


Equation  (33),  the  integral  to  be  solved  using  this 


E  (*,Z)  =  - 


approximate  method  of  integration,  is 

r  -  z 

~JC  -  sa2  d 

where  the  path  of  integration  lies  along  the  imaginary  axis 

-j  CO  <  z>  <  j  o o  in  the  complex  plane.  This  integral  could 

be  solved  by  closing  the  contour  at  infinity  and  using  Cauchy's 

V1  •/fe2'  +  X  2V/2 

residue  theorem.  However,  the  branch  points  given  by  O  — J*"’* 
which  occur  at  -  Ij^must  not  be  enclosed  by  the  contour. 

Therefore,  the  contour  must  come  back  in  from  infinity  on  one  side 
of  the  branch  line,  encircle  the  branch  point,  -J  ,  and 
recede  out  to  infinity  along  the  opposite  side  of  the  branch  line. 
This  contour  is  shown  in  Figure  37,  assuming  has  a  small  loss 

term  (i.e.  fe,0  is  complex),  for  an  arbitrary  position  of  the  branch 
line.  Although  the  orientation  of  the  branch  line  is  arbitrary, 
it  must  be  chosen  carefully  if  the  integral  is  to  vanish  along 
the  semi-circle  closing  the  contour  at  infinity  and  so  a  rigorous 
solution  based  on  this  approach  may  be  nearly  impossible  to  obtain. 
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CONTOUR  C  FOR  EQUATION  53 
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may  be  solved  assymptot ically  using  the  saddle-point  method  (or 
method  of  steepest  descent)  of  approximate  integration* 

Since  only  one  square  root  is  involved  (with  two  correspond¬ 
ing  Riemann  surfaces)  it  is  possible  to  eliminate  the  multivaluedness 
of  the  integrand  in  (33)  using  the  transformation 


~  j  k-o 


(34) 


where 


Therefore 


($>'  =  X 


d  X‘  =jfe-o  c^rQ'  4>  d  <j> 


(35) 


(53) 


and 


2.  a  N  */2. 


(  +  te-o)  =  +  ka  Co-4-  cf>‘  (54) 

&  i  #  ^  j  i 

since  Ccri,  <P  (p  - 1®  Equation  34  represents  a  mapping  of  the 

complex  plane  into  a  strip  on  the  complex  0  plane.  The  two 

sheets  of  the  Riemann  surface  map  into  a  connected  strip  of  width 
2.  TT  along  the  'axis.  From  (34)  and  (35)  the  result 

0C  '2  -  -  k0  COxL 

~  fe.Q  A^TV  <t#  (56) 


is  obtained*  This  mapping  is  illustrated  in  Figure  38.  i he  quadrants 

in  which  Q'  and  0C*  are  positive  or  negative  are  found  from  (55) 

'I*  * 

and  (56)  and  are  specified  in  the  Figure.  The  proper  (top)  Riemann 


surface  is  the  one  for  which  the  integral  (33)  converges  on  the 
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lK)  >  J^A0^  L= 

a-iadw 

(5t)  5$l+ ->  =  ,* 

eioiaio/iT 

(Eg)  >  Jo'<?  -tro-")  0^'L=  ^  Jq 

bnB 

o  ;:r  m  x*  <  v***  r;  ro.  ... .- .-v  .  •  .  •  •  *  r  \-  >:••>  9oni^ 

X9lqoM>9  9rii  no  qx'iia  b  otni  onalq  xalqraoo 

dlbxw  t  9 1 99 lino 9  A  oifli  trtsiH  9/11  to  alosda 

lluaai  srfl  (<?£;  bmi  ($o)  Mrtt  •ai.xa*'st>  edt  snola  TY  £ 

'  4  £  '  )  A^T'C  -WX  'b  vM>D  0$t  -  sr  J  DO 

<6£)  J**  JW-oo'^  JV^A  ~  ^0 

I  bllAlMvill  si  gnxqqfim  airiT  •  bs/ila  irfo  ax 
v"  )  Mil  bnuol  91B  ovitf  94  9-1  b  ’co  bna  Q  daxdw  ni 

.  aril  ni  l)9xlxo9qa  9ia  bnB  (0?)  boa 

sdi  ao  9*2*19*099  U’C)  lonyat/ji  9rfi  djxriw  'xol  ano  adl  ax  93Bl*xua 
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infinite  semicircle  in  the  Oz  plane  and  is  given  by  X.7t\ 
=UKzO'/z  <o  (For  the  improper,  or  bottom,  Riemann  surface, 
given  by  IWj  >  O,  the  integral  does  not  converge  at 

infinity*)  Therefore,  from  (54)  the  corresponding  proper  part  of  the 
0  plane  is  determined  by  the  condition  that  \ >0.  The 

The  four  quadrants  of  the  top  and  bottom  sheets  of  the  plane  map 

into  the  regions  designated  and  3t-  (  i-  -  1  ,  2  ,  3  ,  4  )  respectively, 

in  the  Figure*  The  positive  sign  in  (54)  was  chosen  so  that  the 
quadrants  Tj  ,  ~TZ  and  ,  "l^would  map  into  adjacent  strips.  There 
are  no  branch  lines  in  the  0  plane  since  (34)  maps  both  sheets  of 
the  Riemann  surface  into  a  connected  strip* 

As  a  further  convenience,  the  rectangular  coordinates,  "X , Hi, 
are  changed  to  the  cylindrical  coordinates , A.  ,  0  ,  where  0  is 


measured  from  the  X  axis. 

9C  -  a.  =  A.  Ccrti.  G 


(57) 


Z  =A.AJ^n-  ©  (58> 

Using  Equations  (34),  (53),  (54),  (57)  and  (58)  the  integral 


(33)  becomes 


= 


-j  CO-a-  (  0'-  ©)  , , 

<p'  +  X  1  ^ 


(36) 


where  C0 »  the  contour  of  integration  is  shown  in  Figure  38, 


This  integral  may  be  put  in  the  form 

f(0') 


I  =f  R(<fi) 


cLcp’ 


(59) 


where 


D(d\-  te-a _ cp~^ 

Tr  fe*  0' 


(60) 


jcr  1  ret  nevi?  hi  >  oc  si.6iq  ^  6  c  i  *(o  i inion  «i  iailni 

,  o.  'j  :....  '  f'-'C/lc  ■■.  o  ,  i.  .;  c  .  ;  fflj  ,•  .  V.,.;  •*  •/  sJ  ^ 

t  o  rtV 

- 

c  •'  , ■:  -  ;  ■  ,y 

q^n  *nr.  (q  ^  '  9ti  t  1o  nolleri  bna  qoJ  ®nJ  Ttc  «'tufiif)sup  luo*  odT 

,  1  £•  •'  X  '  '  ‘  ,  l  t  '■'  t  '  a  >  •  •  ,.  -  <  •  :  -fi  I  *.)Jf  f 

**ri  t  i«4l  o*>  assort  o  aew  (^2)  ni  ngia  svi^iaoq  ©ilT  .  s'lujgi'?  aril  ni 

. 

♦  •  '*3  '••  3iriSt!/ror->  to  <•  v?  r  •  \.  jTj.  i  <i  •Jri.f 

f 

G  v>r>0  >  =  x>  ~  :x 


)  ,  ( rr  >  t  (bo  am  .  u.r? 


<v 


•  •  s»»..  -  V-  -r  - 

-  mo.*m  sc!  J  r  ®0  ©tsrtv 

r-ioi  orii  ni  Juq  »d  (&w  l  *  cx  IT 

<^>)CV 

V  to  j 
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and 

P  (  <$)  =■  -j  fe«  A  C<r^  ((/>  -  0)  (61) 

Since  there  are  no  branch  lines  in  the  <p  plane  the  contour 
of  integration  may  be  deformed  into  any  other  convenient  contour 
without  changing  the  integral  (59)  provided  no  poles  of  R«t» 
are  swept  across o 

In  the  integrand  for  (36) 

f(  tf)  =  -j  keA.  OCTd,  (  (j)  -  ©)  (61) 

and  the  derivative  of  P(<t>)  with  respect  to  </>'  , 

=  jk0  A.  Ain  (</>'-&)  <62> 

is  equal  to  zero  at  <p'  =  ©  (or  <r'=  &  ,  Y  =  0)  o  Since  a 
complex  function  cannot  have  a  maximum  or  a  minimum,  these  station¬ 
ary  points  are  saddle  points<>  In  the  vicinity  of  the  saddle  point, 
a  Taylor’s  expansion  gives 

-f(tf)  =f(e->  *  (  $  -  ©)  +  1  - 

•F<<0)  =  -jk.0/l  -  (63) 

since  the  first  derivative  vanishes  and  the  second  derivative  equals 
jk0/t  at  ©  .  Let  ^  and  S  be  the  radial  and  angular  coordinates 
with  their  origin  at  ©  in  the  plane.  Therefore, 

( ©)  =  (c r  -  ©  +j Y)  -  j>  e°5  <64) 


Let 


+  j  -  P(  (ft)  -  P (0) 


(65) 


(Sd) 


(©-'$>)  -iroo  A  .i  l-  -  ('$>  )  ^ 

.  ^  or}  »ablq  <t  odX  ni  eoaH  rl-jnsid  on  ana  snsriX  saniS 
t:.c  noo  Jn.imvnos  t»,Up  y.na  o>ni  btmol.b  sd  ynn  noiisys9Jni  lo 
io  asloq  on  t  ,.-„i  ^niinado  »i»|l*tv 

•  W~  Oa  3S  Jk,'*.'-.  i>1S 

(0?;  fo"}  «>*, )  ni 

:  3  -'$>  )  v&“00  sA0^  (/*  s  >  4 

*  $  oJ  tDeqaei  /<Ji*  ^>4  to  *v 

(e  -  } *n<iA.A  =  r-4r>. 

=  -j  ♦  ■©  ~-  "ro  ‘  '••  =  if.  v..,v  -.j  Ifiupo  ax 

“mM  '*'*  9#*aH+  ,xw,liini®  a  *so  ^mirxBr,  *  •wuf  lonnea  noi^nul  xolqaoo 
f  '  ‘  "  '  ■  '  •  .;,.■ 

•  >  >  *•  •  fistrxs  •■■ 1  •  tjly  r.l  6 

. <®~*\  j^£  i  *  -  »A«  <*A 

- 

*JC"r*  9Vi*“Vt,9f>  bnoos«  9rfi  be*  Esrfoinav  b,ii„vito b  J„n  33nia 

x  iiiynb  fanh  Lika,  «U  ,d  g  bnfl  »  t9d  #  e  ^ 

* 


a  9 onie 


(be) 


i;j  t »  c.y I-*-  ©  - 1> )  =  (©  -  h  ) 
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Therefore,  in  the  vicinity  of  the  saddle  point  at  (f)  =  © 

■P,  -fj-P£  =[j-jk<A  +  -  ®)2*- — -]  ~  [-jk-'A-] 

„  b  a  a  J 2 « 

e  +— - 

and  in  the  limiting  case  as  jD  — *»  O 

■P,  =  -  p"  A^n.  £  S 


(66) 


(67) 


=  ^p=-  paCo-<l.2.S 

The  contours  -f)  =  constant  are  orthogonal  to  the  contours 
•P^  =  constant®  These  contours  are  sketched  in  Figure  39®  The 
maximum  rate  of  change  of  P,  with  p  occurs  for  S  =  ■— and  ^  +  7T 
and  also  for  S  =^*and-^.  Along  these  paths  of  steepest  descent 

P^  =  0. 

In  view  of  the  properties  of  the  functions  p,  and  Pa  , 

it  is  clear  that  it  is  desirable  to  deform  the  contour  Cc  in  (59) 

into  a  steepest  descent  contour  (i.e®  along  =  0)  passing 

through  the  saddle  point,  4>  -  ©  ,  at  an  angle  $  =  since, 

£sAl\ 

along  this  path  p,  is  negative  and  hence  S  ^  will  decrease 
rapidly  away  from  the  saddle  point*  Therefore,  the  major  contribution 
to  the  integral  comes  from  a  small  region  0<p^^  »  al°nK  the 
steepest  descent  contour*  For  a  general  value  of  0'  ,  (61)  and 


(65)  give 


P,  =  —  fe.0  /l  ( <T—  ©)  jtU^JL 


(68) 


0  =  <!£)  .?  t  ttibbM  srii  1©  TfcJiniojtv  ari  i  ni  t  ©loleiprfT 


-  — 4S (©-  '*?  V--^  •*■  .A.i  \r\ x  4VL*  ft 


(ea) 


O  C|  8i>  o?»o  vni  i i*  tl  *9x1^  fit  baa 

£  S  jtonA  Q  — J5 - -  - 


(^c4) 


3  ”^J^M 


A 


-» -  b»ia -^  =  3-  io'i  oela  baa 


t-.-nso  j  non  S''i4  'jJ  Uiio^c  i  1*50  Mia  ■:*»••  soo  *  ^  amo;  oo  a.HT 
. . ••  ni  it  •  t-i'T  , ixjfiJenc-!)  = 

'V  :lf  fcx»*:.  vi  »  ;  i'..l  «  •  ;r:.o  <c£  di  c»  ,4  ft^x u- .uo  't  -•  ©  Jbi  KJjmiXBin 

« 

in^Diivb  'tv  prijuq  envdj  gnoI<\ 

*  ‘  -  i 

(  *  ioolldnul  ^rfi  lo  a«iJi«qoiq  erii  to  w»iv  ?il 

pO  luoinoo  9(1; t  artolsb  ot  oUtaiia©b  mi  Ji  iboIo  ai  i i 

(0  =  pf-  ^rtoia  »t.i)  |aoq««la  a  oini 

,  ©  =*  $}  t  U  rij*uoix1J 

“  .  ^  f;  «ant'"i  ov.  -  .i  dj*  t  .  m.  i  i^noifl 

noitudiiJfloa  loi,  am  &ds  f »'it  .  icq  sibbaa  odJ  moil  ^Xbiqai 

?  .:  i'Vx  liaoia  a  .aoit  aamo9  iBig&ini  sxi 3  o 3 


baa  (Id)  t  Xai»u9^  a  io*I  •  ujoiaoo  Jnaoaab  Jaoqoaia 

ovij  (Cd) 


. 


1$*  JVjv^kxX  (©  j\  —  *?  JV 
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FIGURE  39 

CONTOURS  OF  CONSTANT  AND 


FIGURE  40 

DEFORMATION  OF  CONTOUR  C0 INTO 

STEEPEST  DESCENT  CONTOUR  S PC 


Constant 

Constant 
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4  =K  ^  i  I  -  oo^C<r-  e)  co-<lL  (69) 

The  steepest  descent  is  given  by  A.  =  0  and  hence  the  steepest 
descent  contour  is  given  by 

Co-<l  (c r'-  a)  co-xlA  =  /  (70) 

This  contour  is  illustrated  as  the  contour  SDC  in  Figure  40.  Any 
poles  of  R(0>  encountered  while  deforming  C©  into  SDC  must  not  be 
swept  over.  The  contour  passes  through  the  saddle  point  at  an  angle 
2^-  in  accordance  with  (67)  which  is  valid  near  the  saddle  point. 

In  the  vicinity  of  the  saddle  point,  (63)  and  (64)  give 

f(<H)  «  +  j p* eaJ 5 

which  becomes,  along  the  steepest  descent  contour  S  =  ^  and  Z2T  yy 

^  -jk0/L  -  p*- 

Along  this  path  <p  =  ©  -f  S  in  the  first  quadrant  (  S  =  ^  ) 

w  jCTr+rr/^ 

and  <p  =  a  4  JD  0  in  the  third  quadrant  (  S  =  7T  +  'Vij.  ) » 


(71) 


Therefore , 


0'-  a  =_p  e" 


^4 


and 


;  ^4 

cL  (f)  -  e  dp 


(72) 


(73) 


in  the  first  quadrant  and 


©  =  _pe‘ 


(74) 


.©  <trx>0  —  \  A  ^ 

Y.ci  nsvij  at  ujotnoo  iasonob 

xaA  *°*  *™x'.  :  ni  OCc  -woifto  j  9iU  ea  bsin'i tmmlli  ml  -tuajnoo  airfT 

9ijn»  am  ft  ioq  mlbba*  sriS  d*uo<ufJ  a*>aa*q  luoJnoa  tuff  .  <  /f 

.Jnioq  eibbmm  adi  mmmn  bli  ev  ml  tioisiw  (Vi  )  rfjiw  oonmbio djb  ai  Zl 
»v.i^  (IB)  bat i  Ud)  ( inioq  olbbaa  «dl  to  ©ill  ni 

s  'l^t+ «  c\> >  ^ 

T  '  *»•»»»>>  »«<-<!»» «*  oU  ,SMN>»«d  doiriw 


'  =  )  Jnmbaup  tatit  9ri,  „i  a,  +  e  «  <»«,  a tdt  gnoIA 

1  oi  ^  *T'^  Cj4.  ©  »  bnB 


(rv) 


r  '  . 


9c  =  6  -  Yp 


bra 


’>nE  inn-tbeup  Jr-iiI  srfi  ni 


( i-V ) 


i. 


h<i~-  =  0 
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and 


/  j'  J  Tr/+  , 

ex.  Cp  =  -  e  a£  j? 

in  the  third  quadrant*  Therefore,  the  integral,  (59), 

I  =/  R  c  e**  0' 


(75) 


(59) 


becomes 

I  =r R«fl  eC®  cL  <f>  -J  ErrZ  R&> 

/soc  p  , 

where  FO*v)i  s  the  residue  of  at  a  pole,  <£p  ,  which  the 

contour  encounters  when  it  is  deformed  from  C©  to  SDCo  The  series 
arises  from  integrating  about  the  circles  surrounding  these  poles. 

If  R(0)  does  not  have  a  pole  in  the  vicinity  of  the  saddle 
point,  the  integral  along  the  steepest  descent  contour  can  be 
evaluated  by  expanding  R(<fi)in  a  Taylor  series  about  the  saddle 
point,  (fi  =  Q  a  Thus 


(76) 


where 


^  ^  (  0'  -  0) 

R  (  <f)  =  R  C  0)  +  ?  R  (©)  To.  / 


R\e,=  d  R‘*> 


*>v 


(77) 


cl 

The  steepest  descent  contour  integral  may  be  solved  by 
substituting  (71),  (72),  (73),  (74),  (75)  and  (77)  in  the  steepest 
descent  contour  integral  part  of  (76).  Making  the  above  substitutions 


gives 


eoi 


btu . 


.  i 
9 


’$>  h 


t  .  .  '  ■  .  •  :■  f’  i  '  ;  fir  I 


\  b  <VA0ft)a%  I 


ae*ro 


a*S  (*n  ZhSlt  tb*‘\  (»>A-  I 


3  at 


(n) 


•ifj  d^xriw  f  ,«*Ioq  u  |i»  io  9ubiasr  edi  y'lyriw 

■  <  oa«  *i m 

.  i  »t.t!jy-tni  mot\  B9«iiA 

t  lb b#-:*  =.  1  o  v.J  ;ni  v.i  v  ycU  ni  t  li  q  r.  ?****ri  ion  eiob^)51  II 

eqyftjra  *irii  gaola  aiii  tinioq 

yi  .fov.  *>rt J  slioCh  eei'u--  ‘iol/j/i  t,  < - i 0^ > f{  ^nifcetaqxa  boiaul&vo 

•  or  .  '  ‘  s  f  iaicq 

-  it>  )  xf  ,  . 

>1  **•  (e>$  *  f'b  }  53 


9*i*>ii* 


0*>9\  i  ,,  s^„ 

j  ~^T‘  = (s  *  * 


Cd  bavlocs  yd  v.k;  ;  Bisaini  'fuoinoo  inooasb  Jaoqoaia  oriT 

*  #  ( J  T )  r  (Ct)  f  (ST)  r  ( IT )  JaduH 


Jo  •.  i  q  lai^yini  'looJnoa  inooayb 


Bov  : 


110 


Lf, 

f, 


J 


iQpe,v[ 


^SDC  =  3 

W 

The  integral  over  does  not  change  much  if  is  extended  to 


(78) 


infinity.  The  result  is 

.00 


fe*  n  A. 


£?'e 

where  [~~ *  is  the  gamma  function.  Therefore, 


dp  =  -TC^  . 


7L  >  -  / 


(79) 


i,„  =  z 


(80) 


tv-  o,a-- 

and  the  total  solution  of  (76),  and  hence  (59),  is 

sv- 


I  =  Z  ^  eJ  (-ihrf^  17  ¥> 


X«0,2 


- J  2  TT  z  R  *;>  e~j  fe° A  c  "  eJ) 

P 

where  Flc^p'iis  the  residue  of  RC^)at  the  pole,  <£_  ,  encountered 
when  the  contour  is  deformed  from  C0  to  SDC  and 

rV*.  _  _  Crf) 

/?  ( ©)  -  — 

<£  =  © 

The  saddle  point  method  of  approximate  integration  is  valid 
only  if  is  large  for  small  values  of  f>  .  This  means  that 

1q,o/l  must  be  very  large. 

For  the  far  field  pattern  A.  approaches  infinity  and  (81) 


(81) 


,9  ’>  *  rtoum  ^ynario  ton  ee< .  -  Cj  •►vo  In'UAOini  *  rfr 

.  v  i  i  a  ;  ni. 

•viPC&  **«>’ 


<  J? 


,°V 
3  0  , 


.  •  . 


A  a 

•  ;••  r  i  -i,  - 


S  1 

t  '  :  »ilt  \  *•  •nodw 

-,ila  oi  moil  f><  io  sb  fei  luoJfjoa  nvrfot 


■’•v "?  9\ 

^r:b ' 


,*■ 


5  ‘  .  9t  ®'’WX«V  lifting  1C*  si  ||  ^ 

*  •  '  *  ft  •<;  rn  xr  .  \  tM 


Ill 


becomes 


I  =Ce)'*e‘io‘*A-f) 

since  For  large  fL  the  contribution  of  the 

residues  at  the  leaky  wave  poles  of  R(<fi)  are  neglected  because  they 

damp  out  exponentially  in  any  radial  direction  from  the  origin 

29 

within  their  wedges  of  contribution,, 

Therefore,  the  solution  of  £  (a  ©)  in  (36)  is,  using  (59), 

£ 

E„«, «  .  E. ».  fe.  1  e- ^  f,  <« 

where  the  pattern  function  f,  C©>  is  given  by 


(82) 


(37) 


r\  Oo-tt  €5 

+tO)  = 

where  A.  and  0  are  the  components  of  a  cylindrical  coordinate 
system  in  the  X,Z  plane  and  0  is  measured  from  the  x  axis. 


(38) 


. . l's  ‘“(isv  1 

**llj  ,  imosc  a-ia^V*!  io  *oioi;  $/**  odl  It  aoubxeet 

aig £*10  s/U  mo'll  aoiiaoiib  laiba'i  <nB  ni  ^JUaxinonoqxe  luo  qmab 

*i,c  1  ‘  *•••<  -  '** '«<.►:>  «  t>  ■*  -■  -  j  »  -  -  *■  n  s.  ?i  rw 

gaiau  f«i  (  ni  <©tA)  3  lo  nolltilM  ?{f  t  >  t 

w  («o /V „i,S*3  *<• 

r.vj^ig  i  noiJ:>nol  nioi.taq  orij  oiadw 

B  *c  b»'u#aawa  Bi  a  bn*  uaslq  r,x  ni  mala^s 
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